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On the Convergence of Certain Classes of Series of 
Functions. 


By R. D. CARMICHAEL. 


§1. Inrropvuction. 
Let vn(z), n=0,1,2,: ++ , be an infinite sequence of functions of x 
which may be written in the form 


M,(2) 
(log x) 


(1) 


where p, #4, v, v, are integers such that », =p, v, =v, and where Mn(z), for 
fixed n, is a function of x which in absolute value is not greater than a constant 
M,, when | x | is greater than some constant X and z is in a sector V formed 
by two rays proceeding from zero to infinity and including the positive axis 
of reals between them. Let Mn(x), for every n, be an analytic function of z 
in every finite portion of the region of the z-plane just defined. 


Moreover, let one of the coefficients a in (1), say a\") where & and J are 
not simultaneously zero, possess the following properties: 

1) As n becomes infinite a” becomes infinite, while its a.gument ap- 
proaches a finite limit, say that it comes to coincide with the argument of a 
given constant o, so that it may be written a =o(a™ + ip™) where a™ 
and B™ are real. Suppose, moreover, that a‘ is monotonic increasing when 
m is greater than some given constant. (It is easy to see that B™ /a™ 
approaches zero as becomes infinite, a fact for which we shall have use 
later. ) 

2) The coefficient a‘ has a dominance property of such sort that 


lim (2) — 0 


for every x for which M,(a) is analytic and 


lim — 
ous 0 


unless simultaneously and j = 1. 
3) When v(x) is one-termed so that it has the special value vn(r7) = 
ai 2* (log x)'-and a\™ is real we make no further hypothesis; otherwise we 
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suppose that a positive constant ¢«, exists such that when n is greater than 
some appropriate NV, we have —a™ 
Then let us consider the series of functions 


S(z) Cn€ Un (x) (2) 


where Cp, C1, * * * are constants. 

A point % will be called an exceptional or a non-exceptional point for 
the series S(x) according as Z is or is not a singularity of v,(x) for some 
value of n. 

The principal object of the present paper is to consider the central con- 
vergence problem for the series 8(2) and for a certain other series defined in 
§ 4 and having similar properties. It turns out that the convergence theory 
of these series may be readily developed in an elementary way. The character 
of the region of convergence and the uniform convergence of series S(x) are 
treated in §2. In §3 theorems are established showing the coincidence in 
special cases of the regions of convergence of series S(x) depending on dif- 
ferent sequences n(x). In § 4 are developed corresponding properties of a 
second class of series there defined. In § 5 cases are considered in which series 
of either class define functions having formal power series expansions. 

A considerable variety of important classes of series are included in the 
general form (2). We shall exhibit a few of these. 

(a) Let vn(x) =nlogz. Our series is then an ascending power series. 
If we take vn(x) = —n log x we have the descending power series. 

(b) If we put un(x) where Ap, A,, Az * * is an increasing 
sequence of real numbers tending to infinity then S(a) is the generalized 
Dirichlet series. The extension of Dirichlet series employed in Transactions 
American Mathematical Society 17 (1916), p. 218, is also essentially in- 
cluded here. 

(c) If we take vn(x) = log so that our series 
becomes the factorial series, it may be shown that v»(z) fulfills the requisite 
conditions, the asymptotic formula for (x) serving readily for this purpose. 

(d) Indeed the more general class of series 3 ¢ng(x +n) which I have 
treated in Trans. Amer. Math. Soc. 17 (1916), pp. 207-232, may be shown to 

belong to the class treated here. 

In the convergence proofs we shall have need of two lemmas which are 
reproduced here for the reader’s convenience (for reference to the proofs of 
these lemmas see page 211 of the paper just cited) : 


Lemma I. Let a,+a,-+a,-+--- be a convergent series of constants 
and let Bo, 8B, Bo, * * * be an infinite sequence of numbers such that the series 


Sn | Bnss— Bn | ts convergent. Then the series a8) + 0,8, is 
convergent. 


Lemma II. Let a, +a, -+a,-+--+ be a convergent series of constants 
and let Bo, B:1, Bo; * * * be an infinite sequence of functions of the complex 
variable x analytic in a given closed domain D and such that the series 
Sn | — Bn | converges uniformly in D. Then the series + 4,8, + 
* converges uniformly in D. 


§2. Character of the region of convergence of S(zx). 


Let us suppose that the series S(x) converges for a given non-exceptional 
value 2, of x, say briefly that S(2,)) converges; and let us seek conditions on 
the non-exceptional value zx, of x sufficient to ensure that S(2,) shall be con- 
vergent. We employ lemma I, taking 


an = Cn Bu= — Un(%o) . 


The series Sn | Bn,; — Bn |, Whose convergence is sufficient to ensure the con- 
vergence of S(x,), may be put in the form 


co 
n=. 


where 


| — Una — Un(Zo) | 


t having the value 
t= 60 {z,"(log — xo" (log '}, 


where 6 is a positive constant not greater than unity. We shall now suppose 
that the real part R(r) of 7 is negative. 

We shall now show that a proper choice of @ will bring it about that rp is 
bounded. If vn(x) is one-termed in the sense of condition 3) then we take 
6 = 1, whence rn = 1; otherwise we take 6 to be less than unity. Then if we 
divide the numerator and the denominator of the fraction rn by |,ar| 
we have left in the denominator a quantity bounded away from zero for every 
n in (3) is N is taken sufficiently large, as one sees from the condition in 
hypothesis 3). Moreover, each of the two exponential terms in the numera- 
tor of this fraction, and hence this numerator itself, approaches zero as n 
becomes infinite, as one sees readily through use of 1), 2) and 3) and 
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particularly of the dominance property of a™. Hence in any case fr is 
bounded.* 
It follows therefore that series (3) converges provided that the series 
ge | 
n=N 
is convergent. 
To prove the convergence of this series we observe that 


(nt1) (n) (n+1) 
T e@ T 


a 
(1/2) e“Tdu 
so that 


(n+1) (n) +1) 
| <(1/|r euR(r) dy, 
The series of which the nth term is the second member of this relation is ob- 
viously convergent since a‘ is ultimately monotonic and R(r) < 0 on account 
of the condition imposed on z,. 
Hence we have the part of the following theorem which refers to con- 
vergence (not absolute convergence) : 


Theorem I. Let x, and x, be two values of x which are non-exceptional 
for the series S(x) and suppose that S(x,) converges [converges absolutely]. 
Then S(x,) also converges [converges absolutely] provided that 


R{ox," (log x,)"} < (log zo) 


The proof of the part of the theorem referring to absolute convergence 
is immediate. In fact it is sufficient to show that the ratio ,vn(%,)/,Un(Zo) 
is bounded as n becomes infinite; and this is an immediate consequence of the 
hypotheses on vn(z). 

By a region C of convergence of the series S(x) we shall mean a region 
such that S(az) converges for every non-exceptional value of a in the interior 
of C and diverges for every non-exceptional value of x exterior to C. Ina 
similar way we define a region T of absolute convergence of S(x). 

By means of theorem I and the application of a classic method it is easy 
to determine the character of the regions of convergence and absolute con- 
vergence of S(x). Compare the similar argument on p. 214 of the memoir 
already cited. We have the following result: 


*It should be observed that the only use of condition 3) in this proof is that 
made in showing that r, is bounded, so that the theorem obtained is true when r,, is 
bounded even though condition 3) should not be satisfied. 


4 
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Theorem II. There exists a unique real number A [p] such that the 
region of convergence [absolute convergence] of the series S(x) is bounded by 


the curve 
[=p] (4) 


and lies on that side of this curve for which R{ox* (log x) *} is less than A [p]. 


By the use of lemma II and a modification, mostly verbal in character, 
of the argument by which theorem I was established we may prove the fol- 
lowing theorem: 


Theorem III. The series S(x) converges uniformly in any closed 
domain D which lies within its region of convergence and contains no point 
which is exceptional for S(x) or is a limit point of points which are excep- 
tional for S(a). 

As an immediate consequence of this we have the following: 


Theorem IV. The sum of the series S(x) is a function S(x) of x which 
is analytic at every non-exceptional point which is in the interior of its region 
of convergence and 1s not a limit point of exceptional points; and the deriva- 
tives of S(x) at every such point may be found by differentiating the series 
S(x) term by term. 


We should examine briefly the nature of the curves defined by equations 
of the form (4). For the case when / 0 and & is positive I have already 
briefly described them in Bull. Amer. Math. Soc. (2) 23 (1917), pp. 424-425. 
In this case they are obviously algebraic. In particular, when ] = 0 and k =1 
the curve is a straight line. 

Suppose next that 10 and & is a negative integer —?¢. Then the 
curves have equations of the form R(oz*) =», and are again algebraic. If 
we write o =| | e*%, =7,/|o| and where r is real and not nega- 
tive, the equation of our curve may be written in polar codrdinates r and @ in 


the form 
= cos(¢— #6). 


In case yO our curve consists of 2¢ rays proceeding from 0 to o and 
dividing the angular space about zero into 2¢ equal parts or sectors. The 
quantity cos(¢—#6) is negative within alternate sectors of this set (the sec- 
tors of convergence) and positive within the others (in general the sectors of 
divergence). When 7 is not zero the curve consists of ¢ branches lying within 
alternate sectors of the preceding set of 2¢ sectors, and in those for which 
cos(¢@ — ¢ 6) is negative or positive according as y is negative or positive. For 
the case when ¢ = 1 this curve is a circle. 


i 
di 
| 
‘ 
i 
i 
| 
4 
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When & = 0, ] = 1 and a is real equation (4) may be written in the form 
R[log xz] =, or | «| =», so that the curve is a circle about 0 as a center, 
As we have already seen, this includes the case when S(a) is a power series 
either ascending or descending. 

Except when / = 1 and k = 0, or / = 0 and k& is unrestricted, the curves 
(4) are in general transcendental. 


§ 3. Coincidence of the regions of convergence of different series S(x). 


In connection with series S(x) let us consider the two related series 
(2) = cre (log x)! = 2* (log 
n=0 


It is clear that each of these is a series of the general class S(x) defined in § 1. 
Consequently the four theorems already established are valid for these series 
also. In the present section we establish relations among them and the more 
general series S(z). 


Theorem V. The boundary curve of the region of convergence [absolute 
convergence] is the same for the three series S(x), Sxi(x), Sur(a). 


It should be observed that the theorem says nothing about convergence 
[absolute convergence] on the boundary of the region of convergence [absolute 
convergence |. 

It is obviously sufficient to prove the theorem for the case of any two 
pairs of the three series, say for and Sx:(x), and for and (a). 
In fact, it is enough to prove it for the first of these pairs. The method of 
proof is identical in the two cases, so that it is sufficient to carry out the work 
for either one of them alone. For the latter pair the formulae are somewhat 
simpler than for the former, so that we shall give in detail the proof of only 
that part of the theorem which relates to the series Sx:(a) and Sxi(x). This 
proof falls into two parts. 

1. Let % be any non-exceptional point in the interior of the region of 
convergence of Sx:(z). We shall prove that Z is likewise in the interior of the 
region of convergence of Sx1(2). 

If R{ox* (log x)'} =A is the boundary of the region of convergence of 
Sxi(z), then R{ox* (log z)'} <A. Then it is obvious that non-exceptional 
numbers x, and z, exist such that 


R{ox* (log z)"} < R{ow,* (log < (log <r. (5) 
Taking 


Then x, and x, are points of convergence of Sxi(z). 


| 
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din = Lo" (log x)", Bu= (log — al (log xo)! 


and applying lemma I we see that Sx:(2,) converges if Sn | Bn. Bn | con- 
verges. Now the exponent in the value of 8» may be written in the form 


{ox," (log x,)' — ox," (log — B™ (log xo)’. 


We can now proceed by the method employed for a like matter near the 
beginning of § 2 and show that 3, | converges. Hence Sei 
converges ; and therefore S;1(Z) converges, as one sees through theorem I and 
the relation between x and x, in (5); and Z is in fact in the interior of the 
region of convergence of S;1(2). 

2. If we suppose next that z is in the interior of the region of con- 
vergence of §;1(a) it may be shown that it is likewise in the interior of the 
region of convergence of Sx:(x). For this it is sufficient to apply lemma I as 
in the preceding case, taking this time for a, and 8, the values 


dn = Cne Xp" (log x," (log — oa (log 2)", 


where z, and again satisfy relations (5), the curve R{ozr* (log z)'} 
being now the boundary of the region of convergence of Sx1(2). 

From the conclusions of the two preceding paragraphs we see that 
theorem V is true in so far as it relates to the region of convergence of Sx: (x) 
and Sx:(v). The part relating to the region of absolute convergence of the 
same two series may be proved in the same way; or it may be proved more 
directly and more easily by a term-by-term comparison of the absolutely con- 
vergent series and Sx:(2,) in the first case and and 
in the second case, 2) and 2, being connected with an interior point Z of the 
region of absolute convergence by a relation of the form (5), the curve 
R{ox* (log x)'} =A being now the boundary of the region of absolute con- 


vergence. 
Theorem V thus established brings out the fact that for a given set of 
coefficients Co, C.,°** in S(x) the functions va(x), subject to the perma- 


nent hypotheses as to character, can be modified in any way whatever so long as 
a is left unchanged (and indeed so long as o and a are left unchanged) 
without disturbing the position of the boundary curve of the region of con- 
vergence. Such changes may introduce or remove exceptional points or modify 
their character; but beyond this it affects convergence [absolute convergence | 
only on the boundary of the region. 

Again, Theorem V affords us a satisfying means of finding the conver- 
gence number d [the absolute convergence number p] of the series S(x). In 


| 

1 
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fact, it is the negative of the convergence abscissa [absolute convergence 
abscissa] of the Dirichlet series 


oO 
D(t) => Cre 
n=0 
as one sees by comparison with Si1(z) where —¢ is thought of as replacing 
oxz*(logz)*. Convenient formulae for the convergence abscissa of Dirichlet 
series are quoted or otherwise referred to on pages 224-225 of my memoir 


already cited. 


§4. Similar properties of a second class of series. 


Let us now consider similar questions for a series of the form 


T (2) = +3 oP, (2)P,(2) Pa(2), 


where Co, Cz‘ * are constants and P,(r), P;(x), a given 
sequence of functions. 

A point % will be called exceptional for the series T(x) if any one of the 
functions Pn(x) has a singularity or a zero at %; otherwise it will be called 
non-exceptional. 

Let 2» be a non-exceptional point such that T'(z)) converges and let 2, 
ke a second non-exceptional point. Consider what relation between z, and 2, 
is sufficient to ensure the convergence of the series T(z,). We employ lemma 
I, taking 


an = CnP, P2 (Xo) Pn(2); 


Then converges if the series Sn | Bn | converges. Now the ratio 
R,(2z,, Z) of two consecutive terms of this series (the nth to the (n —1)th) 
may be put in the form 


— Pn(2,) | Prix (Xo) 

Px(%o) | 


Denote by 1(2,, 2) the greatest limit (the superior limit) of Rn(a,, 7) as 
n becomes infinite. 

Now if 1(z,,2,) depends explicitly upon z, and we determine 7, so 
that 1(2,,%)) SS 1—e, where « is a positive quantity, we are assured that our 
series Sn | Bn.z — Bn |, and hence that our series T(z,), converges. Moreover, 
if this inequality holds uniformly for z, in a given closed region containing no 


| 
| 
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exceptional points and no limit point of exceptional points either in its interior 
or on its boundary, then the series 7’(z,) converges uniformly in this region. 
Moreover, if /(z,,%)) can be written in the form 6(2,) /O(z), then it is easy 
to show that a number A exists such that 6(z) —A is the boundary of the 
region of convergence in the sense that 7'(~) converges for every non-excep- 
tional point for which 6(z) < A and diverges for every non-exceptional point 
for which 6(x) >A. Again if I(2z,, 2) can be written in the form 
6(x,) —9(%) +1, we may likewise readily derive a similar result. 

Now if /(2,, 2) is independent of x, and 2, and is greater than or equal 
to unity we get no information concerning the convergence of 7'(z,). But if 
l(x,,%>) is independent of z, and x, and has a value less than unity we con- 
clude that 7'(z,) is convergent without further restriction on z,. Series of 
sort therefore have the interesting property that if they converge for a single 
non-exceptional value of z they converge for every non-exceptional value. 

In one of the cases in which the foregoing argument fails, namely, that 
in which lim | Rn(%, = 1, we may profitably proceed to a consideration 
of the greatest limit of the quantity 


—1}. 


We denote this greatest limit by /,(2z,,z7)). If it is less than or equal to 
— 1—e where « is a positive constant, then the series Sn | — Bn | con- 
verges, whence we conclude that 7'(z,) also converges. 

Now if 1,(z,,2,) depends on x, and we choose 2, so that /,(%,,2%)) S 
— 1—e we have a situation similar to that just treated above and as before 
we can proceed readily to the determination of the character of the region of 
convergence, at least when 1, (2,, 2%) can be written as the quotient of a func- 
tion of z,, by a function of x, or 1,(2,,;%) —1 as a difference of such 
functions. 

Again, when /,(2,,27)) is independent of 2, and 2 we may treat the 
problem in the way indicated for the similar case above. 

Out of other general criteria for the absolute convergence oi series, as 
applied to the series Sn | Bn |, we may derive other related results. 
Those which we have stated have actually arisen frequently in special form in 
the investigation of the convergence of particular classes of series.* 

It is desirable to examine certain special cases in which the foregoing 


* One desiring to examine these special cases will find some of them treated and 
the others referred to in two papers of mine, namely, those in Bull. Amer. Math. Soc. 
(2) 8 (1917): 407-425 and Amer. Journ. Matn., 36 (1914): 267-288, and in a paper 
by E. Cotton in Bull. Soc. Math. Fr., 46 (1919): 69-84. The last paper is interesting 
for its general theorems, some of which are to be associated with the results of this 
section. 
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greatest limits exist in such way as to give rise to an elegant theory. 
Let us suppose that 
Pn 

(Z,) 

n=00 P, (2) 
exists, and let us denote its value by m(z,, 2). Then if m(z,, 2%) 1 we have 
lim Rn(1,%) = | m(a,, 2) | so that | m(x,,2,) | is to be identified with 
the 1(x,, 2%) of the preceding discussion. An instance of this sort is afforded 
by a certain class of expansions in polynomials. Thus if we have 


= a) + + —a)*+ +++ amn(2 —a)™ 

where one of the coefficients an dominates the others (in case there are any) 
in the sense that the quotient of any other by azn approaches zero as n becomes 
infinite, it is clear that m(2,,2%) = (%,—a)*/(%,—a)*. We see readily 
that the region of convergence is bounded by a circle about the point a as a 
center. For the special case of this in which P,(z) —=2—a we have the 
usual ascending power series in z—a. By taking Pn(x) a polynomial in 
(2 —a)~* we obtain a like generalization of the usual descending power series 


in 
This obviously may be further generalized by taking P,(x) in the form 


Pn ayntl (©) (2) + + amnttn (2) 

where u,(2), , Um(%) are given functions of z and the coefficient azn 
dominates the others in the same sense as before. The boundary of the region 
of convergence is now defined by an equation of the form | uz(#) | =A, and 
the region of convergence is on that side of this curve for which | u(x) | < A. 
[It is clear that the finite series for Pn(x) may be replaced by an infinite 
series if suitable hypotheses are made as to the character of its convergence. | 

Let us now consider the case in which the foregoing limit value 
m(2,,%) is unity. Suppose that Pn(z,)/Pn(xz,) may be written in the form 


M, (2, Lp) En (2, Zo) 
Px (2) n nite 
where ¢ is a positive constant and &,(2,, 2%) is bounded when n becomes infi- 


nite. Then we have 


| mM, (21, Zo) 


| n 


= R{m,(2,,%)}—1. 


& 
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Hence R{m,(2,,%))}—1 may be identified with the limit 1,(z,,2,) of the 
preceding more general treatment; and the relevant convergence properties 
are therefore expressible in simple and elegant form. 

It may be observed that it is essentially the Gauss criterion of converg- 
ence which lies at the bottom of the special result just obtained. Significant 
extensions of this result may be secured, if needed, by using a more delicate 
criterion than that of Gauss, say one of the infinite sequence of criteria due 
to Kummer (see Encyclopédie des Sc. Math., I, p. 223). 

The condition last indicated in detail is realized in the case of factorial 
series. Here we have Pn(z) 
so that 


= 


Hence if the factorial series converges for a non-exceptional point z, it con- 
verges also for the non-exceptional point z, if R(z,) > R(a), as is well 


known. 
It may be seen also that this condition is simply realized in a much more 


general class of cases. Let us put 
g(z +n) 
+n—1) 


P, (2) = 


where g(x) is a given function possessing the asymptotic expansion 
g(x) + oA, 
valid in a sector V formed by two rays proceeding from 0 to oo and including 


between them the positive axis of reals. Then we have as to n an asymptotic 
relation of the form 


Py (a) ~ 


whence 


— Xp) 


Pn 
P, (2p) n 
From this we conclude that our series T(z,) in this case converges if 
R(ox,) < R(ez,), and that the boundary of its region of convergence is a 
straight line R(or) =X. 
There is another range of cases, of which the generalized Dirichlet series 
affords an example, in which one may readily conclude to the convergence of 


| | 
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Sn | Bnsz —Bn| and hence of T(z,). Let us suppose that Bn,, — Bn may be 
written in the form of an integral 


where C,, is a finite path of integration for each n, no two of these paths hav- 
ing a common arc. Let C be any path made up of all the paths C:, C1,, 
Cio, * * * (where / is a given integer) and any other paths which it is con- 
venient to include. Then if the integral 


2,20) | at 
C 


exists when 2, is related in a specified way to 2, it is clear that the series 
Sn | — Bn |, and hence the series T'(z,), converges under the same hypo- 
thesis as to the relation of 2, and 2). 

If we take 


Py(x) =e — Ant + when n > 1, 


where A,, A3, is a monotone increasing sequence such that A» becomes 
infinite with n, our series 7'(x) with c,—0 is the Dirichlet series and the 
method indicated may be applied in the classic way illustrated already in § 2. 

In the problem of representing functions with given properties or of 
finding functions with anticipated properties in given regions, it is sometimes 
desirable to have representations of them valid in certain preassigned regions 
of the plane. It is therefore of interest to ask under what simple conditions 
one will have a region of convergence of specified form: We add here a few 
remarks on this matter. 

One of the simplest regions of convergence is a half plane bounded by a 
straight line. We have already observed certain cases in which the region of 
convergence is of this form, having the equation R(oz) =A. This suggests 
a more general case in which the same type of region of convergence arises. 
Let us suppose that the limit m,(2,,2,) of the preceding discussion is such 
that we have the relation 


R{m, (21, } = B{o (x, — %)} * 4 (4, 


where (2,, 2%) is positive whatever z, and 2, are. Then it is easy to see that 
the region of convergence is bounded by a curve whose equation is of the form 
R(or) =X. 

From this special case it is clear that we may determine circumstances 
under which any one of a great variety of curves may be realized as the 


| 

4 
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boundary of the region of convergence and that we may attach this discussion 
to any one of the four limit quantities 1(x,,2%), 1,(%,%), m(2,, 2%); 
m,(Z,, 2%) employed above. We have already seen in particular how circular 
regions may be realized in a great variety of instances. For other circular 
regions and half-plane regions, see my papers already cited and the papers 
referred to in them. 


§5. Cases in which the Series Define Functions Having Formal Power 
Series Expansions. 


Owing to the great importance, in the theory of differential and differ- 
ence equations and in other parts of analysis, of functions possessing formal 
power series expansions either convergent or divergent, it is desirable to know 
the circumstances under which our series T'(2) and S(x) can be formally 
transformed into power series and these conversely into series T(x) or S(z). 

Let us consider the case of series 7'(7) where Pn(x) has the descending 
formal power series expansion 


Cin , Con , Con 


where C,, is different from zero for every value of n. It is obvious that the 
series T(x) is then transformable formally into a descending power series in x 
and that the coefficients may be reckoned out by means of readily solvable re- 
currence relations. 

A simple case of such a series 7'(x) is the factorial series in which 
Pn(z) =1/(t«-+n—1). The generalization of factorial series introduced 
in § 4 by aid of the function g(z) also belongs here when o = —1, as one 
may show without difficulty. If we should take o to be the negative reciprocal 
of an integer & we should have a generalization to the case in which the formal 
descending power series in x are replaced by formal descending power series 
in the kth root of z. 

If we have two functions 7,(z) and T,(x) defined by two series T(x) 
each depending on the set of functions (7) and if the product 7,(z)T,(z) is 
expansible into a series T'(2) of the same form, then the coefficients of the 
expansion may be found in the following manner: Transform the series for 
T,(z) and T,(z) into formal descending power series in 2, take the product 
of these latter and transform it formally into a series T(z) ; this series will 
represent the product 7,(z)T,(x). This process will certainly be valid at 
least when 7',(z) and T(z) are asymptotic to their formal power series repre- 
sentations and the functions P are such that no function has two representa- 
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tions in the form of a series T(x). An instance of this sort is afforded by the 
series defined in § 4 in terms of g(x), provided that o —— 1, as one sees from 
the results in AMER. JourN. Maru. 39 (1917): 385-403. It is not difficult 
to see that the case just treated is an instance of series S(z) as well as of 
series T(z). 


UNIVERSITY OF ILLINOIS, 
September, 1919. 
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On the Solution of Linear Equations in Infinitely Many 
Variables by Successive Approximations.* 


By J. L. WALsH. 


In this paper we shall consider systems of equations of the type 


where the aij; and c; are given real or complex numbers and the 2; are to be 
determined. Systems of type (1) have been solved by various means,f in- 
cluding the method of successive approximations, but this method has been 
used chiefly for Hilbert space [i. e., the space of points {z,} for which 
S| a, |? converges] with corresponding restrictions on the aij and c;.f It is 
the object of the present paper to give a number of new conditions under 
which (1) can be solved by successive approximations; in particular, it is 
shown that if (1) has a non-vanishing normal determinant and if a simple 
transformation of the system is made, then the method of successive approxi- 
mations can be used. The method of successive approximations is very 


convenient for numerical computation. 
We shall use the method of successive approximations to prove the 


following theorem, which applies to a system of equations of type slightly 
less general than (1): 


Theorem I. If there exist positive constants C, M, and P such that the 
coefficients of the system 


satisfy the restrictions 


* Presented to the American Mathematical Society (Chicago), Apr. 7, 1917. 
+ See, e. g., F. Riesz, Bquations Linéaires. 
t See E. Goldschmidt, Wiirzburg Dissertation (1912). 
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co co 
| cx | SMC*, | convergent (k =1, S| SP for every 
=k+1 
k>K,C < (1/P), CS, then (2) has one solution and only one solution 
for which | | Spy", y< (1/P), 


We first consider the special case K—0, and we take for approxi- 
mations 
(k=1, 2,---), 


Cx — + -] (i=1, 2,°-- (3) 


k+1 k+2 


From (3) it follows that 


Cky 
and therefore 
m= + —2) 4 (2 —2) (5) 
<< MC* + PMC + P?MC? -—=MC*/(1— PC). (6) 


The 2; as defined by (5) are a solution of (2), for if we add all the equations 
of (4) and sum by columns the resulting absolutely convergent double series, 
we have 


By (6) we see that for the 2% defined by (5) there exist » and y such 
that | 2 | Spy, y< (1/P), yS1. Under this restriction the solution is 
unique, for if 2’ and 2;’’ denote two solutions satisfying this restriction, their 
difference 7% —= 2’ —’’ is a solution of the homogeneous system corres- 
ponding to (2): 


and we have 
|%|SNX*, X< (1/P), 
Place 


% (k=1, 


| 
| 
| 
\ 
| 
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from which it follows that | | = P*‘NX*+, Hence 


lim 2‘ = 0. 

4=00 
But we have a‘? =a, =a, by equations (7). Hence 2,0, which 
proves the uniqueness of the solution and completes the proof of Theorem I 
for the case K 0. The reader will easily complete the proof of Theorem I 
in its generality [K +40] by the use of mathematical induction. In this 
proof, it will appear that equations (3) and (5) will give 2 for every 
value of k. 

When the 2% defined by (3) and (5) are computed in terms of the ai; 

and ci, it is found that 


(ore) 
j=k+1 


which is the so-called Neumann series. 
The following special case of Theorem I will be used in the sequel: 


Theorem II. Jf for the system (2) we have 3 | convergent for 
co j=k+1 
every k, | | SP <1 for every k > K, 
jrk+1 
| cx | SC for every k, 


then (2) has one solution and only one solution for which the x, are bounded. 
Moreover, this solution is given by the Neumann series (8).* 


We now return to the system of general type (1), and shall proceed to 
show that if (1) has a non-vanishing normal determinant and if the cz are 
bounded, then (1) can be transformed into an equivalent system of type (2). 
This latter system will be shown to satisfy the hypotheses of Theorem II, 
and therefore the method of successive approximations can be used. To show 
the possibility of making this transformation we need the 


Lemma. In any non-vanishing determinant 


Qk, ° * Ak 


* Theorem II is similar to a theorem given by von Koch, Jahresbericht, 1913, 
p. 289. 
2 
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the rows can be arranged so that no minor 


Aso * * * 

Qiy Din * * Mit 


will vanish. 


This lemma is evidently true (although trivial) for and k= 2; 
the reader can readily complete the proof by induction. 
We have supposed (1) to have a non-vanishing normal determinant; 
that is, we suppose ¥& | a;;—di;| to be convergent [dij is the Kronecker 


€, 
symbol whose value is zero or unity according as ix4j or i= j] and 


lim AM 
n=00 


Then there exists k such that AM ~0 for n=k, k+1,--+-+. Hence, by 
the Lemma, the order of the equations can be changed (if necessary) so that 
A™ 0 for n=1, 2,---+. Such rearrangement will not affect the con- 


vergence of the double series & | ai; — di; | nor the value of A. 
4, j=l 


We suppose, now, that this arrangement has been made, and we proceed 
to transform (1) into an equivalent system of the type 


41%, + + +° , 
+ +° °° , (9) 
+° *=B; , 


This transformation is made by placing * b,,—a,x, B, and for n >1, 


An, * * * An, n-1 On, k 
Bn = 
Any Ono * An, n-1 Cn 


The 8, as thus defined are bounded for if we set 


* Riesz, 2. c., p. 11. 


if 
i 
| 
| | 
| 
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Ay =% | aix— dix |, (1+ Ax), 
4=1 k=1 


we shall have 


Oy, Ayn * Gy 
|@n|==absolute valueof |. . . . . . .{/SM-C, (10) 
Ono * An, ny Cn 


where | | SC (k=1, 
co 
Similarly, we shall prove that =| b:;| converges for every 7. For by 


using a method similar to that used in (10), it follows that for n < k, 
[bn | SUL | ae | + | + | ane | J. 


Hence we have 


| Bn, | + | On, | on 
+ | de, nia | + | Ge, | +° 
+ | Gn, | + | On, nse | +° 
Then for every value of n, the series of absolute values of the coefficients 
bax, & > n, converges; and its sum approaches zero as n becomes infinite. 
None of the ban is zero and they approach a limit different from zero, 
so when we write system (9) in the form (2) the hypothesis of Theorem II 
is satisfied. ‘Therefore we have shown that if (1) has a non-vanishing normal 
determinant and the c; are bounded, and if (1) is transformed into an 
equivalent system of type (2), then the method of successive approximations 
can be used. Incidentally we have proved the theorem of von Koch that if 
(1) has a non-vanishing normal determinant and if the c; are bounded, then 
(1) has one solution and only one solution such that the 2; are bounded. 
We shall now state two theorems, each of which is proved precisely as 
Theorem I was proved. The 2% of each theorem are given by the Neumann 


series (8). 
oo 
Theorem III. Jf system (2) is such that 3 | ax; |? (p >1) converges 
co 
for every k, & | ax; |? S Q? for every k > K, 
jrk+1 


1 
| | S MC*, C< (1 + @D/p 


then (2) has one solution and only one solution for which 


4 
co 
| 
| 
i 
| 
| 
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1 
| Lk | = py’, (1 ) (7-2) 


Theorem IV. Under the restrictions | aix| S NT** for every k >i, 
la | SMC, 
system (2) has one solution and only one solution for which 
|Suy, Ty <1/(1+N).t 


Mapison, WIs. 
June, 1917. 


* A slightly less general theorem for the case p = 2 was proved by von Koch using 
infinite determinants. See Proc. Camb. Cong. Math, (1912) I, p. 354. 
In proving Theorem III there will be found useful the following inequality due 


to Hélder: 


fee) foe) 
| |? S (3 | ax |?) | bx |? *)?*. 
k=1 k=1 k=1 


See Riesz, J. c., p. 45. 
¢ Cf. von Koch, 1. c., p. 355. 
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Self-Dual Plane Curves of the Fourth Order. 
By L. E. Wear. 


§1. Introduction. 

The reciprocal, r”, of a plane rational curve, p", may be regarded as 
obtained by a polarity which sends any point of p" into a line of r™ and 
conversely. The singularities of p” will go over into their dual singularities 
on 7”, Now the reciprocal is, in general, distinct from the point-curve and 
m=4n. The question naturally rises as to when will the two curves coincide. 
Curves having this property may be called self-dual.* It is evident that for 
curves of this kind there must be a one-to-one correspondence between the 
singularities of p* and r™. In other words the order and class must be the 
same and we have a necessary condition for self-duality expressed by the 
equation, 

n=n(n—1) —2d—3e, i.e. 2d+ 3c —n(n—2). 


In this paper the quartic curve is to be considered and the equation 


becomes, for n = 4, 
2d + 3c=—8. 


There are two solutions for this equation, viz.: 
I d=1, c=2 
Il. d=4, c=0 


These are, respectively, the limagon and the degenerate case of two conics. 
They will be considered in this order. 


Part I. Limacon. 


§ 2. The Equation of the curve. 


The curve is symmetrical with respect to an axis which cuts it in the 
double point and in two other points which are the vertices of the curve. If 
we take, as triangle of reference, the axis of the curve and the tangents at the 
vertices, then the equation is 


= at*— (a+ 7, = (a —2)#—a, 7, = (a—1)#—(a+1)#. (1) 


* Appel, in Nouvelles Annales de Math., XIII, p. 207, calls such curves “ auto- 
polaire.” In that article he considered the problem of finding curves self-polar with 
regard to a given conic—the reverse of the present problem. 
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The Jacobians of these, two at a time, give the line equation of the 
curve, which is 


= (a— 1) (a— 2)7?—a(a+1), 
€, =a(a—1)r*— (a+ 1) (a+ 2)r*, (2) 
= 2a(2 —a)r® + 2a(2 


That equations (1) are the equations of a limacon may be seen as 


follows : 
The curve is reflected into itself in the axis 7, 0, the reflexion being 


effected by the transformation, 


of which ¢=0, t= are the double elements. These are the vertices of 
the curve. In addition to these two points, the line z,—0 cuts out the 
parameters t? = (a -+1)/(a—1). If these are substituted in the equations 
of the curve they give only one point, which must, then, be a double point of 
the curve. 

The fundamental involution,* i. e. a pencil of binary forms apolar to 
each of (1), is 


(a— 2) + 4(a— 1) + Gat? + 4(a + 1)¢+ (a+ 2) 
+A [(a—2)t#—4(a—1)# (3) 
+ 6at? —4(a 1)¢+ (a+ 2)] 


If we substitute the coefficients of this pencil in the condition for a cusp 
which is given by Professor Morley in his “ Notes on Projective Geometry,” 
p. 40, we find that the condition is satisfied, and, hence, that the curve has a 
cusp. Since the curve is reflected into itself in 7,0, and since the cusp 
does not lie on the axis then there must be a second one, the reflexion of the 
first. The curve is, therefore, one having a double point and two cusps, i. e., 
is the limagon. 

The two cusps are given by #71. The flexes are given by the Jaco- 
bian of the two members of the fundamental involution,¢ and are 


(a +1)(a+2)/(a—1)(a—2). 


§3. Polarities. 


Now any correlation which sends the curve into itself must interchange 
cusps and flexes. Hence there may be two such correlations corresponding to 


* See a paper by Stahl, Crelle, Vol. 101, p. 300. 
Meyer: Apolaritét und Rationale Kurven, p. 244. 
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the two ways in which the cusps and flexes may be paired. These two corre- 
lations are given by the transformations 


tr = V (a+ 1) (a+ 2)/(a—1) (a— 2) (4) 


and tr =— V (a +1) (a+ 2)/(a—1)(a—2) (5) 


We require now that (4) and (5) shall send any point of the limacon 
into a line of the curve and conversely. In order to do this operate with (4) 
or (5) on the equation of a point and identify the resulting expression in the 
parameter with the equation of a line. Thus will the parameter of a point 
of the curve be interchanged with that of a line of the curve and conversely, 
and hence there will be obtained a correlation which sends the curve into itself. 
Now if we substitute in the incidence condition 


(z€) 0, 


of point and line, the codrdinates 2; from equations (1), we have the equation 
of any point of the limagon; likewise, if we substitute the codrdinates & from 
equations (2) we have the equation of any line tangent to the curve. Making 
these substitutions we find as the equations of point and line respectively, 


[att — (a+ + [(a—2)°—a] (6) 
+ [(a—1)#— & =0 


and 
+ [2a(2 —a)r* + 2a(2 + a)r]z,—0 (7) 


If we now make the transformation (4) in equation (7), i. e. put 
(1/t)V (a+1) (a+ 2)/(a—1) (a— 2), clear the resulting equation 
of fractions and remove the factor (a —1), the result is 


(a? — 1) (a—2)?V (a—1)(a—2) [at*— (a+ Jz, 
+ (a+1)?(a+2)?V (a—1)(e—2) [(a—2)? —a]z, (8) 
— 2a(a + 2) (a—2)?V (a2+1)(a+2) (a+ 1)t]z,—0. 
Since this is a line on the point ¢ of the curve, it is identical with equa- 
tion (6), regarding both equations as functions of the parameter. Making 
this identification, we have 


— af, = a(a?— 1) (a—2)*V (a—1) (a—2) %, 
af, —a(a+1)?(a-+2)?V (a—1)(a—2) 
(a + 1)& 2a(a+1)(a-+2)(a—2)*V (a+ 1) (a+ 2). 
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wherein we have equated the coefficients of ¢*, ¢° and ¢ respectively. Dividing 
the first equation by —a, the second by a and the third by a +1, the equa- 
tions become finally, 


& = (1—a?) (a—2)?V (a—1)(a—2) %, } 
=— (a+ 1)?(a+2)?V (ac—1) (a—2) (9) 
== 2a(a +1) (a+ 2) (a—2)?V (a+1)(a+2) %, 


If the transformation 


had been made in the equation of a line, then only &, will be changed in (9), 
since it comes from odd-powered terms, while é, and €, come from even powers. 
Furthermore the codrdinate €, will be changed only in sign. Hence there 
arises from the second transformation the correlation 


= (1—a’) (a—2)?V (a—1)(a—2) 
&:=—(a+1)?(a + 2)?V (a—1)(a—2) (10) 
= — 2a(a + 1) (a+ 2) (a—2)?V (a+1)(a+2) @,, 
Equations (9) and (10) are two correlations which send any point of 
the curve into a line of the curve, i. e. send the curve into itself. In parti- 
cular dual singularities are interchanged, as may be easily verified. 
Furthermore if we examine the determinants of equations (9) and (10) 
we find them to be of the form 


i. e. the two correlations are actually 


(1 — a?) (a— 2)?V (a—1)(a—2) 2,? 
— (a+1)?(a+2)?V (a—1)(a—2) 2,? (11) 
+ 2a(a + 2) (a—2)?V (a+1)(a+2) 2,2 =0. 


These conics are conjugate, in the sense that they have double contact 
and are reflected, the one into the other, by a pair of reflexions in the reference 
triangle. It follows that each conic is its own polar reciprocal as to the other. 
This fact is seen from a geometrical viewpoint, since a polarity leaving the 
curve unaltered must also leave the conic of the other polarity unaltered. 

The points of contact of the two conics lie on the axis 7,0. This 
can be proted from general considerations as follows: Call the vertices of the 


r=— (1/t) V (a +1) (a+ 2) /(a—1) (a— 2) 
ah g i 

j 
Dn polarities and the conics giving them are 
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limagon A and A’ (See Fig. 1); the polar of A (t=) is the tangent at 
A’(t= 0) and conversely. Hence A and A’ are a pair harmonic to the meets 
of x, = 0 with both of the conics. Also the polar of the double point D is 
the double line which cuts the axis at D’, say. Then D and D’ are also a 
pair of the involution on the line and the Jacobian of the two pairs (A, A’) 
and (D, D’) will give the points (C, C’) where the conics cut z,—0 and 
where they have contact,—since the polars of those points are tangent to 
both conics at the poles themselves. Further, the line z,—0 is an axis of 
each one of the conics, since the polars of points on it, (A, A’, D, D’), are 
lines perpendicular to the axis of the limagon, and the pole of the latter is a 
point at infinity where any two of these perpendiculars intersect. 


Fie. 1. 


There will be certain points on the curve which will be fixed under the 
polarities, i. e. are transformed into tangents at the same points. These 
fixed points are four in number and are found by letting ¢ and r come together 
in equations (4) and (5). They are given by 


t# = (a+1)(a+2)/(a—1)(a—2). 


Since at these four points the polar of ¢ is a tangent to the curve at ¢, there- 
fore each of the conics (11) has double contact with the limagon. One conic 
has real contacts with the curve and the other has imaginary contacts. 


§ 4. Special Cases. 


Conics (11) will degenerate when their discriminants vanish. The 


latter are + 2a(a—1)(a+1)*(a—2)°(a + (a +1) (a +2) which 
vanish for the valuesa=-+1, +2. But equations (11) vanish identically 
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fora=—1anda=-+2. Since the flexes are given by 


? = (a+1)(a+ 2)/(a—1) (a—2), 


the value a= -+ 1 signifiés that two flexes have united at t= o and it may 
be easily verified that they unite to form a third cusp. The cusp-tangent is 
x, = 0, which, taken twice, is the equation of the conics for the value a = — 1. 
For a= — 2, two flexes of the curve unite but in this case they form an 
undulation point, i. e. a point where the tangent to the curve meets the curve 


Fig. 2. 


in four coincident points. The conics, for a= — 2, degenerate into the line 
2) = 0, which is the equation of the undulation tangent. 


§5. Summary. 


We have seen that the limacon admits of a reflexion given by the 
equation 


t+’ =—0, 
and is invariant under the two polarities 7 and #,. Call the reflexion 2. 
Since R? — 1, the elements 1, R, form a group (G,) of collineations under 
which the curve is invariant. It is evident also that 
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Further 
= R and = 2,2? 1. 


Hence the 


Theorem: The limagon is invariant unden a G, consisting of two col- 
lineations and two polarities. 


Furthermore all possible polarities and correlations which leave the 
curve fixed are exhausted in z, and z,. For, suppose another to exist—say 
am Then either 

=1 or mom = RK 
In the first case 


Tm = To. 
and in the second Tm = Ty. 


In Figure 2 are shown the limacon (in Cartesian coérdinates), with the 
two conics, for the case a = }. 


§6. Satellite Contec. 


Of some interest in connecting with the plane quartic curve is the Satel- 
lite Conic of a line. In the case of the cubic curve the corresponding thing 
is the Satellite Line. Any line, é, will cut the cubic in three points. The 
tangents to the curve at these three points meet the curve again in three other 
points which lie on a line,* called the Satellite Line of €. In the case of the 
plane quartic a line, é, will cut the curve in four points T7;. The tangents 
to the curve at these four points meet the curve again in eight points which 
lie on a conic,+ the Satellite Conic of the line é. The problem here is to find 
the actual equation of this conic for the limagon. 

The condition that three points of the plane rational quartic be on a 
line is as follows: 


+ Poo + (pos — Pro S,S; + + (Pos — Pis)Ss 
+ PisS + (Prs — Pes + Pos,” + Pos + Poy = 9. 


a; a 
The pi; refer to the determinants " . of the fundamental involution 
(at)* + A(bt)* (See Art. 2), and the S; are symmetric functions of the three 
parameters of the points. Substituting the appropriate values of the py; from 
*Salmon, Higher Plane Curves, Art. 179 
Salmon, c., Art. 30 


2 
ik 
f 


102 Wear: Self-Dual Plane Curves of the Fourth Order. 


fora—=—1anda—-+2. Since the flexes are given by 


# = (a+1)(a+2)/(a—1) (a—2), 


the value a= -+ 1 signifies that two flexes have united at t= o and it may 
be easily verified that they unite to form a third cusp. The cusp-tangent is 
2, = 0, which, taken twice, is the equation of the conics for the value a = — 1. 
For a=— 2, two flexes of the curve unite but in this case they form an 
undulation point, i. e. a point where the tangent to the curve meets the curve 


Fic. 2. 


in four coincident points. The conics, for a =— 2, degenerate into the line 
Z. = 0, which is the equation of the undulation tangent. 


§ 5. Summary. 


We have seen that the limagon admits of a reflexion given by the 
equation 
t+v=0, 


and is invariant under the two polarities 7, and z,. Call the reflexion R. 
Since R? = 1, the elements 1, form a group (G,) of collineations under 
which the curve is invariant. It is evident also that 


= 7, and = 
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Further 


= and 2,2 = 7,2? 1. 


Hence the 


Theorem: The limagon is invariant under a G, consisting of two col- 
lineations and two polarities. 


Furthermore all possible polarities and correlations which leave the 
curve fixed are exhausted in z, and z,. For, suppose another to exist—say 
am. Then either 


In the first case 


and in the second Tm = Ty. 


In Figure 2 are shown the limagon (in Cartesian codrdinates), with the 
two conics, for the case a = }. 


§ 6. Satellite Conic. 


Of some interest in connecting with the plane quartic curve is the Satel- 
lite Conic of a line. In the case of the cubic curve the corresponding thing 
is the Satellite Line. Any line, é, will cut the cubic in three points. The 
tangents to the curve at these three points meet the curve again in three other 
points which lie on a line,* called the Satellite Line of €. In the case of the 
plane quartic a line, é, will cut the curve in four points 7;. The tangents 
to the curve at these four points meet the curve again in eight points which 
lie on a conic,¢ the Satellite Conic of the line €. The problem here is to find 
the actual equation of this conic for the limagon. 

The condition that three points of the plane rational quartic be on a 
line ig as follows: 


PorSs? + Po2S28s + (Pos — S183 + + (Pos — Pris) Ss 
+ + (Dis — Pos) S2 + + + = 9. 


of the fundamental involution 
9j 

(at)4* + A(bt)* (See Art. 2), and the S; are symmetric functions of the three 
parameters of the points. Substituting the appropriate values of the pi; from 


The pi; refer to the determinants 


* Salmon, Higher Plane Curves, Art. 179. 
¢ Salmon, J. Art. 30. 


| 
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the fundamental involution of Art. 2, we have, as the condition that three | 
points of the limagon be collinear, 


— (a—1) (a— 2)8,? — 2(a? —a—1)8,8, + a(a—1)8,? 
+ 2(a? + a—1)8,—a(a+1)8,? + (a+ 1) (a+ 2) =0. 


Herein set t, —T, ¢, = and we have 


— (a—1)(a—2)#T* — 2(a? —a —1) (¢ + 27) 
+ a(a—1) (2éT + T?)? + + a—1) + (13) 
—a(a+1)(¢+27)?+ (a+1)(a+2) =0. 


This is a relation, f(74, 7?) —0, connecting 7, the point of tangency 
of a line, and the two remaining points of intersection, ¢. It says that, given 
the line 7, the two remaining points of intersection with the curve are given 
by (13). Conversely, given any point ¢ on the curve, there are four tangents, 
T, to the curve from this point, given by (13). Since any line T, on one of 
the cusps will be incident with a ¢, then (J?— 1) must be a factor of equa- 
tion (13). Rearranging the latter in powers of T we have 


[(a—1) (a— 2) —a(a—1)]74— 447? —2[ (a? —a +1) (13’) 
— (a? +a+1)]T? + 47 + [a(o + 1)t— (a+1)(a+2)]=0, 


and dividing by (JT?—1) we have, finally, 


— [a(a + 1)#— (a+1)(a+2)] =0. 


We have here a relation, f(T?, ¢?) 0, connecting the point ¢ and the 
line T of the limagon. For the self-dual quartic, then, on a line T are two 
points ¢, and from a point ¢ are two tangents T’,, i. e. the relation is a per- 
fectly symmetric one. It is invariant under the reflexion, ¢-+ t/ = 0, and 
also under the transformations (4) and (5). Letting tT, we have a 
quartic giving the four points of the curve where a point ¢ is coincident with 
a point of tangency, J. This quartic is 


(a — 1) (a—2)T*— 2(a? + 2)T? + (a +1)(a+2) =0, 


which factors into, 


(7? — 1) [(a—1) (a — (a+ 1) (a+ 2)] = 0. 


These two factors give the cusps and flexes, respectively. Evidently at these 
points the tangent lines have three coincident intersections with the curve. 
The incidence condition of point and line is (v§) 0. Put therein the values 


| 
| 
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of a; from equations (1), obtaining 


— (a + + [(a—2) —a] é, (14) 
+ [(a—1)T*— (a+ 1)T] &=0. 


Arranging in powers of T we have 


+ (a— 1)é7° — [(a + 2)& — (a— 2) &,]T? (14’) 


Given a line é, equation (14’) fixes the parameters of the four points of inter- 
section with the curve. 

Now let the T’s of (14’), be the same as those of (13); i. e. let the 
two equations have common roots. The condition that the two have common 
roots is the vanishing of their eliminant, which will be of the fourth degree 
in the coefficients of (13), and of the second degree in those of (14’).* 
Hence a f(é*, 8) = 0, a relation connecting é and the eight points ¢ when the 
points of tangency 7; lie on € This eliminant, formed according to Syl- 
vester’s dialytic method, is 


a[a(a + 1)?(a* + 4a*— 8a + + 2a(a +1) (a—1) (a—2)? 
(a? + 2a — 2) + a(a—1)?(a— 2)*E,? — (a + 1)*(a—1)?® 
(a — 2) — 8a(a + 1)?(a— 1) (2a—1) —4[a(a + 1)? 
(a + 2) (a* + 30° — 4a + 2)? + 2a(a— 2) 
(a® + a® — 5a* — 3a? + Ya? — 2a — 1) é,€, + a?(a — 1)9(a — 2) 
— (a a? —a + + 8[2(a + 1)? 
(2a — 1) (a? + a— 1) + (a—1)9(a—2) (2a + 
+ 20 (a +1)2(a-+ 2)?(3at + 6a? — 4a + 2)é,? + 2(3a* — 210° 
+ 46at — 28a? + 8)é€é, + (a —1)?(a— 2)?(3at — 605 + 2)é,? (15) 
— (a+ 1)?(a—1)*(3a* — 3a? — 4) — 8[ (a + 1)*(a + 2) 
(2a — 1) + 2(a — 1)? (2a + 1) (a? —a—1)€, 
— 4[a?(a + 1)3(a + 2)%E,? + 2a(a + 2) 
+ a(a— 1)?(a — 2) (a* — 3a® + 4a + 2)&,? — (a + 1)?(a—1)? 
(a4 + a® — a? + a + + 8a(a + 1) (a—1)?(2a + 1) 
+ afa(a + 1)?(a + 2) + 2a(a + 1) (a —1) (a + 2)? (a? — 2a — 2) 
+ a(a— 1)? (a* — + 8a + — 
(a + 2)€,?] =0. 
Let a line € cut the curve in four points T. Draw the four tangents at 
these points. These tangents cut the curve in eight other points the para- 


* See Salmon’s Lessons on Higher Algebra, Art. 70. 
+ Salmon, 1. c., Art. 83. 
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meters of which are given by the octavic (15). The next step is to find the 
equation of a conic passing through these eight points. 
Any conic 


2 
= 0, lik = Aki 
0 


will cut the curve in eight points which are obtained by substituting in the 
equation of the conic the values of 2; from equations (1). We have then 


— (a + 2)t?]? + a,,[ (a — 2)? —a]? + a,,[(a—1)# 
+ Lat! — (a+ 2)#][(a—2)t,—a] + (16) 
— (a+ 2)#][(a—1) — (a +1)4] + (a—2) —a] 
[(a—1)#®— (a+ 1)t] —0. 


Simplifying and arranging in powers of ¢t we have 


2a(a— 1) + [ — 2a(a + 2) + (2—1) 
+ 2a(a— 2) ao, 

+ [—2a(a + 1)a).—2(a—1) (a+ 2) + 2(a—1) (a— 2)a,,] 

+ [(a + 2) + (a — 2)?a,, — 2(a + 1) (a — 4(a? — 2) ap, | 

+ [—2(a +1) (a+ — 4(a? —a —1)a,,] (16’) 

+ [—2a(a— 2)a,, + (a + + 2a(a + 2) a9, 

+ 2a(a + 1)a,.¢ + a7a,, = 0. 
This octavic in ¢ gives the parameters of the eight points cut out by any conic. 
By identifying (16’) with the octavic of equation (15), we have more than 
enough conditions to determine the coefficients ai, of the conic. On identi- 
fying the two we have: 


Coefficients of 
= a(a + 1)?(a*-+ — 8a + 4) + 2a(a + 1) (a —1) (a — 2)? 
(a?-++ 2a — 2) + a(a—1)*(a— 2)*é,? — (a + 1)*(a—1)* 
(a— 2)é,*; 
of A.—=—4(a+ 1)?(2a—1)&€.; 
of t, = 4(a—1)?(2a + 5 
of 1, aay, —a(a + 1)*(a-+ 2) + 2a(a +1) (a—1) (a +2)? 
2a — + a(a—1)?(a* — 4a* + 8a + 4)é,? 
— (a+1)*(a—1)*(a4+ 2)€,’; 
of — (a+1)(a—1)dg2 — 2(a? —2) do, = 2(a + 1)?(a + 
(a* + + 2a” + + 4(a* — 5a°® + 2a* + 180? — 12) 
+ 2(a—1)?(a— 2)?(at — + 2a? —4)é,? (17) 
—2(a+1)?(a—1)?(a* + a? —4)é,?; 


> 
? 
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of (a+ + 2a(a + = — 2a(a + 1)?(a + 2) 
(a? + 2a + 4)&? — 4a(a + 2) (a® — 3a* — 4a? + 12a + €, 
— 2a*(a — 1)?(a— 2)7E,? + 2(a +1)? (a —1)? (18) 
(a* + 2a* + 3a? + 2a — 2)é,? 


By multiplying (17) by (a+ 1) and (18) by (a —1) and adding the result- 
ing equations, we eliminate a,, and obtain 


4a), = 4(a + 1)?(a + 2)? (a? + 2a — 2)E,? + 8(a® — 9at + 18a? — 6)6,€, 
+ 4(a—1)?(a— 2)? (a? — 2a — 2) — 4(a + 1)? (a — 1)? (a? — 3) E,?, 


or 


My, = (a + 1)?(a + 2)? (a? + 2a — 2) + 2(a° — 9a* + 18a? — 6) 
+ (a—1)?(a— 2)?(a?— 2a — 2) é,?— (a + 1)?(a—1)?(a? — 3) &,?. 


Substituting this value of a), in equation (18) and simplifying, we have 


(a + 1)?a,, — 4a(a + 1)*(a + — 8a?(a + 1)?(a+ 2) (a—2) 
(a? — 3) — 4a(a + 1)?(a—1)?(a — 2)%E,? + 4(a 1)?(a —1)? 
(at + 2a* — 2a — 1)€,? 


Hence, 


= — 4a(a + 1)?(a + — 8a? (a + 2) (a — 2) (a? — 3) 
—- 4a(a— 1)*(a — 2) + 4(a — 1)? (a* + 20° — 2a — 1) €,?. 


All the coefficients of the conics are determined. By substituting the 
proper values in the coefficients of ¢*° and ¢° the conditions arising from those 
two terms are found to be satisfied by the above values. Hence the coefficients 
of the conic are the following: 


= a(a + 1)?(a*t + 4a? — 8a + 4)€,? + 2a(a+ 1) (a—1) (a — 2)? 
(a? + 2a — 2) &€, + a(a—1)?(a — 2)*E,? —(a + 1)?(a —1)*(a — 2) 
= — 4a(a 1)? (2a — 1) 
af, = 4a(a —1)*?(2a + 
= a(a + 1)?(a + + 2a(a + 1) (a—1) (a+ 2)? 
(a? — 2a — 2)&,é, + a(a— 1)? (at — 4a* + 8a + 4)é,? 
= a(a + 1)?(a + 2)?(a? + 2a — 2) + 2a(a® — 9a* + 180? — 6) 
a(a—1)?(a— 2)? (a? — 2a — — a(a + 1)? 
(a— 1)?(a? — 3)€.”, 
== — 4a°(a + 1)?(a + 2)°E,? — 8a? (a + 2) (a — 2) (a? — 3) 
— 4a?(a — 1)?(a — 2)°é,? + 4a(a — 1)? (a* + 2a* — 2a — 1) €,?. 
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The satellite conic is then as follows: 


[a(a + 1)*(a* + — 8a + 4)é,? + 2a(a + 1) (a—1) (a—2)* 
+ 2a — 2) + a(a — 1)? (a — 2)*é,? — (a + 
(a— 2) x,” 
+ [a(a + 1)?(a + 2)*&? + 2a(a + 1) (a—1) (a +2)? 
(a? — 2a — 2)é, + a(a— 1)? (at — 4a? + 8a + 4)é,? 
— (a+ 1)*(a—1)*(a + (19) 
— 4a[a(a + 1)?(a + 2)%E? + 2a7(a + 2) (a — 2) (a? — 3) £6, 
+ a(a— 1)?(a— 2)%,? — (a + 1)°(a — 1) 2,” 
+ [8a(a — 1)?(2a + — [8a(a + 1)? (2a — 1) &€, 
+ 2[a(a +1)?(a + 2)?(a? + 2a — 2) E,? + 2a(a® — 9at + 18a? — 6) 
+ a(a — 1)?(a— 2)? (a? — 2a — 2) €,? —a(a + 1)?(a—1)? 
(a? — 3) = 0. 


Given a line é, cutting the limagon in four points 7’: the tangents at 
the points T cut in eight other points which lie on the conic given in equa- 
tion (19). 

Among interesting special cases is that of the line 7, 0, the axis of 
the curve. Here é—0, &, =0, é,—=1. Substituting these values in (19) 


we have, after simplifying, 


(a +1)?[(a +1) (a—1) (a—2)2,? + 2a(a? — 3)a,z7, + (a + 1) 
(a—1) (a+ 2)z2,?] —4a(a + 1)*(a—1)2,? =0. (20) 


This is a conic symmetrical as to the line 2,0 and passing through the 
double point. The latter fact can be seen from the following considerations: 
The line z, = 0 cuts the curve at the vertices and at the double point. The 
two tangents at the double point have there three points in common with the 
curve. Hence, two of the eight points, ti, being at the double point, the Satel- 
lite must pass through the latter. 

Again the line joining the two cusps is 7,—2a,—9. Putting & —1, 
é, = — 1, = 0 in (19) and simplifying, we have 


(2a — 1)*2z,? + 2(16a* — 8a? —1)a x, + (2a + 1)*z,? 
— 32a?(2a + = 0. (21) 


This satellite of the line of cusps goes through the cusps themselves and 
through the two residual intersections of the cuspidal tangents. 

Consider next the Satellite of a line é tangent to the curve. Such a line 
cuts in only three points Tj, the point of tangency and two others. The tan- 
gent lines at 7; will be the line é itself and the two tangents at other two 
points T;. Call these tangents y and ¢. They cut the curve in ¢,, ¢,, and 
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t,’, t’, respectively. Since é itself counts as a tangent at one of the points Ti, 
therefore the Satellite passes through the other points T,, T;. Since T,, t,, t, 
are on the conic, and likewise T’,, ¢,’, ¢,’, therefore the Satellite is composed 
of the two lines 7 and . Hence, the Satellite conic of a line € tangent to the 
curve is composed of two lines, the tangents at the two points where é cuts the 
curve. 

For example, the equation of the double line is 


(a— — (a+ 2)*2, =0. 


Substituting = (a— é£, =— (a+ 2)”, in equation (19), we 
find the Satellite of the double line to be 
(a — 2)*2,? — 2(a + 2)?(a— 2) + (a + 2) = 0, (22) 
or 
[(a— 2)?a — (a+ 2)?a,]? = 0. (22) 


That is, the Satellite of the double line is the double line itself taken twice. 
The equation of the flex tangent at 


is, 
(a + 1) (a—1) (a— + (a +1)?(a + 2)?2, — 2a(a + 2) (a — 2)? 
V (a +1) (a + 2) /a— 1) (a—2) 2, =0. (23) 
Setting = (a + 1)(a—1)(a— 2)’, = (a + 1)?(a + 2)?, 
= — 2a(a + 2) (a—2)?V (a + 1) (a+ 2)/(a—1) (2— 2) 
in (19), we have, as the Satellite, 
(a + 1)*(a—1) (a— 2)*(a? + 2a —1)2,? + 2(a +1) (a + 2)? 
(a — 2)?(a* + 40” — 7, + (a + 1)?(a—1) (a + 2)* 
— 2a — 1) 2,” — 4a?(a + 1) (a + 2)? (a — 2) (24) 
—4aV (a+ 1) (a+2)/(a—1)(a—2) [(a—1)(a+2)* 


(a — 2)?(2a + (a+ 1) (a+ 2) (a—2)4 
(2a — 1) = 0. 


In this case there is only one intersection in addition to the flex point, namely 
_ =1) 
(a+ 1) V(e—1) (a—2) 
The tangent at the latter point is 
(a + 1) (a— 2)?(a? + 2a —1)2, + (a—1) (a + 2)? (a? — 2a — 
+ 2a(a—1)(a+ 2) (a—2)?V (a+ 1) (a+ 2)/(a—1) (a— 2) 
2, == 0. (25) 
3 
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The Satellite (24) is the product of the flex tangent itself, and the line (25). 

Let us consider now the dual idea. From any point @ in the plane four 
tangent lines, ¢;, can be drawn to the curve, touching at four points. From 
each of these four points are two tangents, 7;, to the curve. By a process 
exactly analogous to the preceding it can be shown that the eight lines, 7%, lie 
on a conic, the Satellite of The relation f (zi, &) 0 so found is identical 
with equation (19). To prove this statement it is sufficient to say that, owing 
to the self-duality of the curve, the relation f(é, 7;) = 0, connecting a line é 
and its Satellite must be identical with the relation f(2:, é:) —0 connecting 
a point 2 and its Satellite, since the two ideas are dual ones. Hence equation 
(19) has a dual interpretation: Given é, cutting the curve in four points, Ti, 
it is the equation of a conic on the eight points where tangents at T; meet the 
curve again; given z, from which are four tangents, ¢;, to the curve, it is the 
equation of a conic on the eight tangent lines of the curve drawn from the 
points of contact of the lines ¢;. 

The center of reflexion, admitted by the curve, furnishes a good illus- 
tration. The codrdinates of the center (0, 0, 1) substituted in (19) give the 
Satelllite 


a(a + 1)?(a + + 2a°(a + 2) (a — 2) (a® — 3) 
++ a(a— 1)?(a— 2)*é,? — (a + 1)*(a — = 0. (26) 


This conic is on the double line and the four tangents drawn from the two 
vertices of the curve. 

From a point x on the curve are only two tangents to the curve (¢,, ¢.) 
in addition to the tangent at z. The lines ¢,, ¢, will touch at y and z, say. 
From each of the points y and z are two tangents to the curve which lie on the 
Satellite of z Furthermore, since the point x is the point of contact of one 
of the tangents from « (the tangent at x) therefore ¢, and ¢, lie on the Satel- 
lite. Hence, from each of the points y and z are three tangents to the conic, 
which must, therefore, break up into the two points y and z. Thus, the Satel- 
lite of a point 2 on the curve is composed of two points,—the points of contact 


of tangents from z. 
For example the Satellite of the double point, [(a +1), —(a—1), 0], 


is 


[(a+1)& — (e—1)é,]? =0, (27) 


i. e., the square of the double point itself. 
The codrdinates of one of the cusps are 1, 1,1. If substituted in (19), 


they give for the Satellite 
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(a + 1)? (a? + 2a — 1) + 2(a* + 4a? — + (a—1)? 
(a? — 2a— — -+- 1)*(a— —2(a— 1)* (28) 
(2a + 1)&é + 2(a + 1)?(2a—1)&,€ —0. 
From the cusp there is only one tangent to the curve (in addition to the 
cuspidal tangent) and this meets the curve at t—=— (a+1)/(a—1). The 
equation of the latter point is 


(a + 1)?(a? + 2a —1)& + (a—1)?(a®— 2a— 


—(a + 1)?(a—1)é,=0, (29) 
and that of the cusp (1, 1, 1), is 
t+ & + & =0. (30) 


Equations (29) and (30) multiplied together give (28), i. e. the Satellite of 
the cusp consists of two lines one of which is the cusp tangent. 


Part II. Two Contes. 


§%. The G., of a Four-Point. 


It was pointed out in the introduction that only two cases of self-dual 
quartics are possible and we come now to the second case, that of two conics 
regarded as a degenerate p+. 

To study the properties of the curve it is necessary to consider the four- 
point common to the two conics and the group of collineations connected there- 
with; since, if the pair of conics is to be unaltered by correlations then their 
common four-point and four-line must be merely interchanged. The pair of 
conics intersect in the same four points, after being acted upon by the corre- 
lations, as they did before. In this sense the common four-point and therefore 
the common self-conjugate triangle are fixed. We assume then that the two 
conics have a proper, common, self-conjugate triangle, which is taken as the 
triangle of reference, and that the four points are in the canonical form 
(1, = 4, 

The four-point is invariant under a G,, of collineations, consisting of 
reflexions and collineations of periods three and four. Call the four points 
by the numerals 1, 2, 3, 4 and indicate by subscripts the interchanges made by 
the transformations. FE. g., the notation means a collineation inter- 
changing 4 and 7 and leaving & and / fixed. Then, in the first place, there is a 
set of four reflexions (including identity) in the reference triangle, i. e. leaving 
the vertices of the reference triangle for centers and the sides for axes. In the 
notation just explained they are: 


t 
| | 
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These are of the type 


Secondly, there are reflexions 


C (14)(2)(8)9 (24) C (12)¢3)¢4)9 CO 13)(2)¢4)> 


which interchange two of the points and leave the other two fixed. E. g. 
Uo’ =X, Lp! = 


the center of which is (1, — 1, 0,) and the axis x — 2, = 0. 
Thirdly, eight collineations of period three, leaving one point fixed and 
interchanging the other three cyclically 


Y Y 
C (123) C132) C (134)(2)9 C (124)(3) C142) (3)9 C C243) 
To illustrate, take the transformation 


which is a member of the set. 
Lastly, six collineations of period four, interchanging the four points 
cyclically 


C (1234)9 C (1342)5 C (1423)> C1432): 


BE. g. = — Lo, = — = Zp, is a member of this set. 

The twenty-four collineations form a G,,, under which the four-point 
is invariant. Consider now the effects of these transformations on any conic 
passing through the four points (1, 1,+1). Such a conic may be taken 
in the form 


+ + = 0 
provided that (a) = 0. 


The reflexions 1, C.ij)«1) involve only a change of signs and will, therefore, 
leave the conic unaltered. The other elements of the G,, in general send a 
conic on the four points into some other member of the pencil of conics deter- 
mined by the four-point. Given, then, two conics considered as a quartic 
curve, the problem is to find correlations, and in particular, polarities, which 
will send any point of the curve into a line of the curve and conversely. This 
may be accomplished in either of two ways: 


1°. The two conics may be interchanged under the correlations ; 
2°. Each conic may be unaltered. 


| 

| 
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§ 8. General Case.. 


Consider, first, the general case of two conics between which there exists 
no special relation. In general it is not possible to find a polarity that will 
leave each conic unaltered ; but two conics related in a special manner do admit 
of such polarities and will be considered in the next article. It is necessary 
to look, then, for polarities that interchange the two conics. 

Let 

+ + = 0, (31) 
and 


+ + Bor.” = 0, (32) 


where (a) = (8) = 0, be two conics on the four points (1,+1,+1). One 
of these is to be the polar reciprocal of the other as to some base conic. The 
latter may be taken in the form 


ax,” + + = 0; (33) 


since any polarity interchanging (31) and (32) will leave their common 
self-polar triangle unaltered and hence, either the latter is self-conjugate with 
respect to the base conic or else the base conic is tangent to two sides of the 
triangle, the third side being the chord joining the contacts. The latter pos- 
sibility is considered in the next article. Now, if we require that the polarity 
as to (33) interchange (31) and (32) then the constants a, b, and c are 
determined to be 


a:b:¢:=+VaBy : +Va8, +V a8, 


Take all possible combinations of signs and we obtain the following four 
polarities : 


To Ty Ts 
é = = =— 
V V 02822, V V 028222, 


One of these, say 7), having been obtained as above, then the others are 
given by the products 1). These are evidently correlations and they 
interchange the two conics, since 7) interchanges them and C;ij) x1) leave 
them fixed. That they are polarities appears from the fact that the products 
TC pq) * ToCcrsyctvy Which are collineations leaving each conic unaltered, 
must be contained in the set C.ij) 1), and in particular * 
must be identity. Furthermore no other correlation could exist which would 


f 

| 
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transform the one conic into the other. For supposing such a one to exist, 
say am, then the product a, ‘7m must be contained in the set C(ij)(%1), 1. @. 


But 

And hence 


Hence the number of polarities is exhausted. 

That there are just four polarities which interchange the conics is evi- 
dent from a geometrical point of view. For, the four points of intersection 
of the conics must go into their common lines. It would appear then that 
twenty-four polarities are possible; but any polarity sending one of the four 
common points into one of the four common tangents carries a unique trans- 
formation of the three other points into the three other tangents. Hence there 
are only four polarities possible.+ 

The elements 1, Cj) a1) form a G, of collineations under which the 
quartic is invariant. Furthermore it was shown above that all correlations 
leaving the curve unaltered are included in the set a, [a ° Ciij)ce1] and 
that the products of the latter, two at a time give C (ij) (x1). 


Hence the Theorem: A quartic curve, composed of two conics, is in- 
variant under a G,, consisting of four collineations and four correlations. 


§9. Two Conics Subject to the Condition 6,3 = A,6. 


We come next to the case of two conics admitting not only the polarities 
of the preceding article but also a second kind, viz. those which leave each 
conic separately unaltered. 

Assume a pair of conics on the four points (1, +1, +1), and such 
that either one of them is reflected into the other by one of the collineations 
C by the collineation 


Such a pair are 
2 2 
+ = 0, (34) 


+ ant,” + = 0. (35) 


* See Weber, Lehrbuch der Algebra, Vol. II, p. 4. 
+ On relations between two conics see Clebsch, Lécons sur La Géométrie, Vol. I, 


p. 150 et seq. 
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Furthermore, since 
° Y 


then the conics will be reflected into each other by a second member of the 
set C ij) «ky 

Just as in the preceding case the curve is unaltered by the group 
1, To. To * (Ky, the polarities being as follows: 


To To T3 
== =— Alo, = AX, = 
i= V a,0, y= V —V a,a, = V 2, 
= V aa, = V = V aay ij. —Va,a, Lo. 


Now the reflexions C(ij)(x)(1) have the effect of interchanging the two 
conics, and C(ij)«¢1) leave each unaltered. Hence the effect of the products 
* is to interchange the two. By these products we obtain 
four collineations which send each conic into the other. The four include 
the two reflexions C.ij) and two of the set i. e. collineations of 
period four. The eight elements form a collineation G, under which the 
curve is invariant. Add now a polarity 7 which interchanges the pair of 
conics. The products 7 C ij) «1, as before, interchange the pair of conics; 
but the products ANd wy * leave each conic fixed. Of 
these the first two are polarities and the other two correlations of period four. 
The four correlations are as follows: 


= = == = AV, 
E, = Vays = Vayay Lo, = —V = Zp, 
V = Vaya, = Vaya, = —V aya, 


It is readily seen that the determinants of the first two are symmetrical 
and that those of the other two are not. Hence the former are polarities 
while the latter are correlations. That the correlations are of period four 
may be easily verified and is evident from the fact that they are m ° Ccijxty 
which, raised to the fourth power, is m* - C*ijxiy, i. e. identity. Further- 
more there can be no other correlations leaving the pair of conics unaltered, 
a fact easily proved just as in the preceding case. Hence the curve is invari- 
ant under a G,, of collineations and correlations. Of the latter six are polari- 
ties and two are of period four. 

Consider now the base conics of the polarities 7) ° Ciijy)@ 1). Their 
equations are 
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These are of the nature of conjugate hyperbolas and may be called con- 
jugate conics. Furthermore each of the original pair is conjugate to both of 
(36). What we have then is this: Two conics (31) and (32) which admit 
of a reflexion, the one into the other; two conics (36) each of which is conju- 
gate to the other and is also conjugate to both (31) and (82). 

We inquire now as to whether or not it was necessary to assume conics 
that admit of one of the reflexions C(ij)(x)¢1) in order to obtain polarities 
whose base conics are conjugate to the original pair. Two conics admitting 
a reflexion may be taken in the forms 


ax,” -+- bax,? + + 29a 2, 0. 


The invariants, using Salmon’s notation (Conic Sections, p. 334), are as 
follows: 


A=abe—bg?, A,=abc—bg?, 0= (3abc—bg’), 0, = (3abc — bg’). 


Since an invariant relation must be homogeneous and of the same degree in 
the coefficients of both forms, the only relation subsisting between the in- 
variants is 

= A,6. 


We seek next the condition that two conics have a common conjugate 
conic and may admit, therefore, of polarities such as mp ° Cyijyc 1). The 
pencil of conics having double contact with (2?) —0, and with (7) = 0 as 
the common chord of contact is 


(x&)? — (a?) (&) — (é)?] =0.* (37) 


Values of A that are equal but of opposite signs give conjugate pairs. For 
A= +1 we have 


(2?) (€) —2(xé)? =0 (38) 
and (x?) =0 (39) 
Now a second line, (an) = 0, 


will determine another pencil 


(an)? — (2?) (4?) — (a)?] =0 (40) 
and for »= + 1 the conjugate pair 
(2) (4?) = 0, (41) 


* See Salmon’s Conic Sections, p. 340. 
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(2?) = 0. (42) 


Hence (38) and (41) are both conjugate to (2?) 0. Writing o, = (&) 
and o, = (yn), the invariants are 


where 


A= — + + 
The only invariantive relation subsisting between them is 


= A,6°. 


Fie. 3. 


That is, the invariant relation that two conics admit of a reflexion the 
one into the other is identically the same as the condition that the two have 
a common conjugate conic. Hence the necessary and sufficient condition that 
polarities of the type mp ° Cis) x) 1) exist, is that the pair of conics admit of 
a reflexion and is expressed analytically by the above relation between the 
invariants. 

We summarize this case by the Theorem: Two conics characterized by 
the relation A0,* = A,6 are invariant under a G,, consisting of collineations 
and correlations. Of the latter six are polarities and two are of pertod four. 

In Fig. 3 the circles are the original pair of conics admitting a reflexion. 
Only three polarities are real, as shown in the figure. 
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§10. The Clebschian Pair. 


We come finally to a special pair of conics which is invariant under the 
entire G,, of collineations and therefore, by adding a polarity and a G,, of 
collineations and correlations. 

Suppose the conics of the preceding case are required to admit not only 
of two members of the set C(ij)(x)¢1), a8 in that case, but also of a third mem- 
ber of the same set of collineations. Putting this further condition in the 
two conics we obtain the pair 


These are either interchanged or left separately unaltered by the entire G,, of 
collineations. Hence, by adding a polarity, they are unaltered by a Gy, of 
correlations and collineations. Of the former ten are polarities. Hence the 
Theorem: The Clebschian pair of conics is invariant under a G,, of colline- 
ations and correlations. Of the latter ten are polarities. and the others of 
periods three and four. 


| 

| 
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On the Groups of Isomorphisms of a System of Abelian 
Groups of Order p” and Type (n, 1, 1,:--, 1).* 


By Louis C. MatHEewson. 


Introduction. 


Early in the study of groups of isomorphisms Moore showed that the 
group of isomorphisms of an abelian group of order p™ and type (1, 1,---, 1) 
is the linear homogenous group,+ extensively discussed by Jordan in his T'raité 
des Substitutiones (1870). Miller discussed the automorphisms of an abelian 
group of order p™, type (m—1, 1),{ and later gave incidentally a formula 
for the order of the group of isomorphisms of any abelian group of order p”.§ 
In 1907 Ranum through his study of the group of classes of congruent ma- 
trices showed that the group of isomorphisms of any given abelian group of 
order p™ was simply isomorphic with a certain chief n-ary linear congruence 
group.|| In the present paper the viewpoint is different and the groups are 
treated as abstract groups. The object is to study the groups of isomor- 
phisms of the system of abelian groups of ordem p™, type (n,1,°--,1),n >1, 
and to show that these groups of isomorphisms may be built upon the group 
of isomorphisms of an abelian group which contains no operators of order 
greater than p. To serve as a stepping stone to the general theory as well as 
to bring out the relations true for the first case, the case n = 2 will be con- 
sidered immediately for p = 2 and for p > 2. In each development the group 
under consideration will be represented by G and its group of isomorphisms 
by I; pis used for an odd prime. 


Theory. 
Theorem 1. The I of an abelian group of order 2™*1, type (2,1,°++,1) 
is of order 2"(2™ — 2) (2" — 27) + + + (2"™— 2m) and is simply isomorphic 
with a subgroup of index 2"—1 in the holomorph of the abelian group of 


* Presented at the Dartmouth Meeting of the American Mathematical Society, 
Sept. 5, 1918. 

+ Cf. also Burnside, Theory of Groups (1897), §§ 171, 172 and Chap. XIV. 

t Miller, Transactions of the American Mathematical Society, Vol. 2 (1901), 


pp. 259-264. 
§ Miller, Bulletin of the American Mathematical Society, Vol. 20 (1913-14), 


p. 364. 
|| Ranum, Transactions of the American Mathematical Society, Vol. 8 (1907), 


pp. 71-91. 
119 


120 MarTHEWSON: On the Groups of Isomorphisms of a System 


order 2”, type (1,1,---,1). This I may be obtained by extending an abelian 
group of order 2”, type (1,1,---,1) by those operators from its own group of 
isomorphisms which leave one arbitrary operator in this abelian group fixed. 


Suppose m>1. The operators of order 2 in G@ evidently with the 
identity form a characteristic subgroup, H, of order 2". In H there is one 
(and only one) characteristic subgroup besides the identity. It is of order 2 
and consists of the identity and the operator of order two which is the square 
of all the operators of order 4 in G. All the operators outside of H are of 
order 4. With the operators of H in identical correspondence any one of 
these operators may stand first, and an automorphism of ¢ is then determined. 
Since these automorphisms are of order 2, commutative and number 2” — 1, 
the J of G contains an invariant abelian subgroup, H’, of order 2”, type 
(1, 1,°-->,1). For, et Hamel, ,m, et Poms, andlect 
Soy * Shy t, ° , ts, (all operators being commutative). Any 
operator ts;, i= 2, - + - , h, may correspond to ft, so that the order of H’ is h. 
Let H’=1, v3, ° , Un Let the v that transforms ¢ into ts, be v., into 
ts, be vz, ete. Then, since each s is invariant under the v’s 


= 
vi ty, = ts}. 


That the v’s are of order 2 is evident from the fact that 
vi (vr v1 = = vr vr = ts)? = t; 


and since all the operators of H’ excepting the identity are of order 2, H’ is 
abelian,* or, 


Va = = Va ta * = tSaSd, 
Vo Vg = Vp tSaVp Vo Vy = 


and since tsaSy = tspSa, Vag Vo = Vo tvaVo, OF Van = That vavo 
transforms ¢ into tsas, makes it possible to put H and H’ into simple iso- 
morphism in the following way: s; vi, i= 2, °° h. 

From the nature of G, evidently H can be automorphic in all the ways 
an abelian group of order 2”, type (1, 1,- - - , 1) can, except that s, must al- 
ways correspond to itself. This means that one subgroup of order 2 in H is 
always fixed, so that the order of the quotient group of the J of G with respect 
to the invariant H’ as a head is equal to the order of the group of isomorphisms 
of H divided by 2™— 1.* 


* Cf. Burnside, loc. cit., p. 60. 
* Burnside, loc. cit., § 172. 
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It will now be shown that the J of G may be obtained by extending H’ by 
operators which transform it in just the ways H may be transformed in G. 
This will be done by showing that an operator effecting any permissible auto- 
morphism of H, would produce a similar isomorphism among the operators of 
i. e., if = s, then u-vxu = vy. It may be supposed that u is so 
chosen from the I of G that it transforms ¢ into itself; for if not, wu can be 
multiplied by such an operator from H’ that the product will transform t into 
itself and at the same time effect exactly the same automorphism of H. 
Using (1), 


= = uv, = = 
= tsz,just as = (2) 


and since the v’s are commutative with the s’s and so also is uv,u (because 
= = for is some s, and hence 
= and uy = si); therefore, and vz effect 
the same isomorphisms of G with itself. Thus, uw-tonu = vz. 

From the preceding it is obvious that the J of G is a subgroup of index 
2” — 1 in the holomorph of the abelian group of order 2”, type (1,1,: + - ,1). 
This J should have exactly ¢(4), or 2 invariant operators.* The operator 
besides the identity is easily shown to be v, according to the notation here used. 
(Note too that here v, corresponds to s, in an invariant subgroup of index 
2™-1 in H). All the v’s are commutative with v,, and if in (2) h = 2 remem- 
bering that u-*s,u = s,), the result from the end of the preceding paragraph 


is U10,U = V,. 


Next, the case in which p is an odd prime will be considered, and it will 
be shown that in this case the J of G is a direct product of two groups; and 
what these two groups are will be discussed. 

The operators of order p in G evidently with the identity form a char- 
acteristic subgroup, J, of order p”; also in J there is a characteristic subgroup, 
H, of order p whose p — 1 operators of order p are the pth powers of the opera- 
tors of order p? in G. The operators of order p? correspond among themselves 
in every automorphism of G. With J in identical correspondence, any one of 
the »™ operators of order p? having the same pth power in H may stand first, 
and the automorphism of G@ is then fixed. Moreover, every such automor- 
phism of G is of order p, and these p”— 1 automorphisms of order p are com- 
mutative. These two facts may be proved just as similar facts were proved in 
the preceding case where the prime was 2. Let this invariant abelian sub- 
group of order p™ and type (1, 1,- - - ,1) in the J of G@ be £, and let its oper- 


* Miller, Blichfeldt, and Dickson, Finite Groups (1916), p. 162. 
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ators be v’s. If the generators of J are s,, s,,° * * , Sm Where s, generates H 

(and ¢#? = s,), then by a method analogous to that used for the even prime 2, 

it can be shown that the correspondence between J and E can be taken as 

Sim 1, , m), where v;*tv; = ts; and where = (i= 1, 

From the nature of G, evidently J can be automorphic in all the ways an 
abelian group of order p™, type (1, 1,---, 1) can, excepting that H must 
always correspond to itself. Since J has (p™—1)/(p—1) subgroups of 
order p,* this means that the order of the quotient group of the J of G with 
respect to the invariant FE is equal to the order of the group of isomorphisms 
of J divided by (p™—1)/(p—1), which gives the order of the J of G as 

Consider those automorphisms of G in which the operators of H are in 
identical correspondence. Suppose that the operator, u, effecting the iso- 
morphism under consideration transforms ¢ into itself; for if not, w can be 
multiplied by such an operator from £ that the product transforms ¢ into 
itself and at the same time effects exactly the same automorphism of J. As 
in the preceding theorem, it can be shown easily that wu transforms the opera- 
tors of F among themselves in the same way it transforms the corresponding 
operators of J; that is, if 


then uv,u=v,, uvju=v;, (7 and 7’ have the same values respectively 
before). 

Since all the automorphisms of G with the operators of the character- 
istic subgroup H in identical correspondence have been considered, the I of G 
evidently contains an invariant subgroup J’ which is simply isomorphic with 
an abelian group of order p™, type (1, 1,---, 1) extended by those opera- 
tors from its own group of isomorphisms that leave the operators of one and 
only one of its subgroups of order p fixed. Since all other automorphisms of 
G arise from the automorphisms of H, and H is cyclic and of order p, obvi- 
ously the quotient group of Z with respect to I’ is a cyclic group of order 
p—1. It will now be shown that the J of G is simply isomorphic with the 
direct product of J’ and the cyclic group of order p—1. 

The central of the J of G is the group of totitives (mod p*) of order 
}(p?) = p(p —1); that is, a cyclic group, the product of a cyclic group of 
order p by a cyclic group of order p—1. Each of these operators in the 
central of the J of G transforms every operator of G into the same power of 


* Burnside, loc. cit., p. 59. 
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itself.* The cyclic group of order p in this central has been already obtained. 
In the notation here used, it is generated by 2,, since v,*tv, = ts, = ¢'*?, 
v,~*tv,? = ts,? etc. ; and since, for any s, = (t= 1,---, m), 
and the (1 + kp)th power of s; is s;; and since u+v,u = v,. If now s,~ s,", 
then since #?? = s,, ¢ can ~ ¢", and the remainder of the automorphism of @ 
may be set up by having the other generators (besides s,) of J correspond to 
their own nth powers, ~ si” 2, If w effects this auto- 
morphism of G, wtsjw = (t=1,---, m), wttw (also = 
si, w tw = t), it is necessary and sufficient to show that w is commutative 
with all the v’s and with uw. First, it will be shown that wvjw = v;. Since 
= wt: w= (ve tty, *w = ww - = ts, 
just as vi-*tv; = ts;, and since the v’s are commutative with s; (j7 =1,-+-:, m) 
and so also is w*viw (because (wtviw) = wsywt + 
= = = therefore, these two operators from I are 
identical or wtvjw v;. Second, to show that w is commutative with u, 
use will be made of 


 (j=2,°°:, m; =2,°°+, m) and uwttu=t. Here 
if 7=1, w*s,°w = 8,, just as = 
| if j= 2,° , m, = just as u*sju = 


also = wtut uw = = wt tw = t. 


Hence, not only is the quotient group of J with respect to I’ the cyclic group 
of order p —1, but I contains such a cyclic group whose operators (excepting 
the identity) lie outside of J’ and are commutative with each of the operators 
of I’. Therefore, J is simply isomorphic with the direct product of J’ and 
the cyclic group of order p—1, and for m > 1 there results the 


Theorem 2. The I of an abelian group of order p™*, type (2, 1,+++,1) 
is of order p™ (p—1)(p™— p) +++ (p™— p™") and is simply isomorphic 
with the direct product of a cyclic group of order p—1 and the group 
formed by extending an abelian group of order p™, type (1, 1,°-+, 1) by 
all those operators from its own group of isomorphisms which leave the opera- 
tors of some one of its subgroups of order p in identical correspondence. 


As a side step from the main problem of this paper the following general 


* Miller, Transactions of the American Mathematical Society, Vol. 2 (1901), 
p. 260. 
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proposition concerning a property obtaining in the abelian group just con- 
sidered, will now be discussed. 


Subsidiary Theorem. If an abelian group G contains a characteristic 
subgroup H of prime order p, the I of G is simply isomorphic with a direct 
product, one factor of which is the cyciic group of order p—i1. This I is 
then divisible if p > 2. 

Since “ every abelian group is the direct product of its Sylow subgroups 
whenever its order is the product of more than one different prime,” * H is in 
the Sylow subgroup, S, of order p” and type (m,, m.,°*:, m1),m,Sm,5S 

- Sm, where m—=m,+m,+::-+m: and m,>0. If m, is not 
greater than m.,, there is no characteristic subgroup of order p. If m, > m,, 
the group of order p in the cyclic group of order p™ is a characteristic sub- 
group of G (and the only characteristic subgroup of order p), since its opera- 
tors are the p™ th powers of all the operators of S, its operators of order p 
being the p™""th powers of the operators of order p™ in S. Incidentally then, 
it has been shown that a necessary and sufficient condition that an abelian 
group of order p™ contain a characteristic subgroup of order p is that there 
be one and only one largest invariant. This group, H, of order p is a funda- 
mental characteristic subgroup.t 'The remainder of the proof will now be 
worked out with respect to S, since the J of G is the direct product of the 
groups of isomorphisms of its Sylow subgroups. 

The operators effecting the automorphisms of S in which the operators 
of H remain in identical correspondence form an invariant subgroup, I’, of 
the group of isomorphisms of S (I,). The quotient group of J, with respect 
to I’ is the group of isomorphisms of H; i. e., the cyclic group of order p — 1. 
In the notation here used and with p > 2, the central of I, is a cyclic group 
of order ¢(p™) = p™1(p—1), the product of a cyclic group of order p™ 
and another cyclic group of order p—1, and each of these operators in the 
central of J , transforms every operator of S into the same power of itself.f 
The cyclic group of order p™~ is in I’, its operators being those which trans- 
form operators of order p™ in S into their (1+ kp)th powers, k —1, 2, 

» p™*, The operators of order p in H are invariant individually under 
such transformations, since these powers of each opeartor of order p in H 
are that operator itself. The operator of J. which transform every operator 
of S into the 2nd, 3d,--- , (» —1)th powers of itself, evidently transform 


* Miller, Blichfeldt, and Dickson, loc. cit., p. 87. 

+ Cf. Miller, AMERICAN JOURNAL OF MATHEMATICS, Vol. XXVII (1905), p. 15; 
also Miller, Blichfeldt, and Dickson, loc. cit., p. 110. 

~ Miller, Transactions of the American Mathematical Society, Vol. 1 (1900), p. 


397; Vol. 2 (1901), p. 260. 
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the operators of H among themselves, so are not in I’. They with the iden- 
tity, constitute a cyclic group of order p — 1, and since they are in the central 
of J,; they are individually commutative with the operators of I’. Hence, 
since the quotient group of J, with respect to J’ is a cyclic group of order 
p—1, and I, contains a cyclic group of order p — 1 having only the identity 
in common with J’ and each of its operators is commutative with each of the 
operators of J’, therefore I, is simply isomorphic with the direct product of 
I’ and a cyclic group of order p —1. 


The theory of the second theorem will now be extended to any abelian 
group, G, of order p™", type (n, 1, 1,- +--+ (m—1) units), n>1, pa 
prime > 2. Let ¢ be the operator of order p", and s,, - - + , Sm independent 


generators of order p, and for convenience let #?”*—=s,. From the observa- 
tions under the Subsidiary Theorem, s, generates a characteristic cyclic sub- 
group, H™, of order p. All the operators of order p in G form a charac- 
teristic abelian subgroup H“- of order p™, type (1,-°-:,1). H™ is in 
H, Then there is a characteristic abelian subgroup, H“-?’, of order p™", 
type (2, 1,- +--+ , 1) generated by the p“-»th powers of operators of order p* 
and H“-»., So likewise, H‘"-®) is generated by the p*-*th powers of operators 
of order p" and H“-» ; and in general, H‘"-", of order p™*-1 and type (r, 1, 
++, 1), is generated by the p"*th powers of the operators of order p” and 
Each of these characteristic subgroups contains 
the preceding, and the largest (H) is of index p in @ itself. This series 
of subgroups forms a characteristic series of G.* 

Now with the operators of H® in identical correspondence, evidently t¢ 
can correspond to any one of p”—1 operators besides itself; it can corre- 
spond to itself multiplied by any one of the operators of H“-», since these 
products (and ¢) alone are of order p” and have the same pth power that ¢ 
has in H®, As was shown in connection with Theorem 2, these isomorph- 
isms (excepting the identity) are of order p and commutative. Hence, the I 
of G contains an invariant abelian subgroup, E, of order p™, type (1,---,1), 
which is simply isomorphic with H‘"-” ; and, moreover, if the same conveni- 
ent notation be employed here as in the theorem to which reference has just 


been made, the correspondence, vi ~ si,i=1,- + - , m, can be set up, where 

the v’s are the independent generators of the subgroup E. The transforma- 

tions, accordingly, are = tsi, , m), = (1 —1, 


Now, let the operators of H be in identical correspondence. ¢ can 


* Frobenius, Berliner Siteungsberichte (1895), p. 1027; cf. Burnside, loc. cit., 
§§ 163, 164. 
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i?s,?-1, respectively, since ¢?”°—=s,) besides itself, because these and these 
alone have the same pth power in H‘ and at the same time are themselves 


the pth powers of operators outside H®. Simultaneously with te? ~ "*+#, t 
must correspond to some operator of order p" whose pth power is ?? ee 


such operators are t?"°+1 times operators from H“-Y, The operators from 
H‘"-» may be supposed to be in H™ also, for if not, the operator effecting 
the automorphism of G under consideration can be multiplied by such a v 
that H™ is transformed as stated in the preceding and? corresponds to 


to"*+1 times some operator from H™. Accordingly, this isomorphism of G 
may be said to be effected by an operator which transforms every operator 
into its (kp™? + 1)th powers, p—1. 

Similarly, if the operators of H“ are in identical correspondence, the 
additional isomorphisms of G spring from those in which the operators cor- 
respond to their +-1)th powers, k=1,--- , p—1. 

More generally, if the operators of H, r=2,---+,mn—41, are 


5 e 5 ne Ta n. 
in identical isomorphism, can correspond to +? {22° 


(or ++ , respectively) besides 
itself, because these operators and these only have the same pth power in H“” 
and are themselves the p’-"th powers of operators outside H“. These iso- 
morphisms are those effected by an operator which transforms the operators 
of G into their (kp""-+1)th powers, k=1,---, p—1. These auto- 
morphisms are p”-? in number (because r= 2,-+-,n—1landk=—1,::-, 
p—i1). If when r—1, »v, is included, these isomorphisms number p*’, 
and they are, moreover, those in which the operators of G go over into their 
(1+ kp)th powers, k=1, The only other powers are the 
ist, 2nd,- - , (9 —1)th, and when these are effected the characteristic sub- 
group H“™ takes all its automorphisms. But the operators effecting the pos- 
sible transformations of all the operators into their same powers constitute the 
central of the J of G, a cyclic group of order ¢(p") = p**(p—1), (because 
the highest order of operators in G is p"), the product of two cyclic groups, 
one of order p — 1 and one of order p""*. From the Subsidiary Theorem the 
I of G is the direct product of this cyclic group of order p—1 and another 
subgroup, I’. The cyclic group of order p"-* must be in I’. Suppose wu to be 
employed to represent a generator of this cyclic group, F’, of order p"*, so 
that = f+, =1,---, With the operators of H in iden- 
tical correspondence, all the possible isomorphisms of G are effected by u and. 
the v’s. They all are commutative (since wu is in the central of J) and the 
cross-cut of E and F is the cyclic group of order p generated by v,( = u?*). 
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Hence, J’ contains an invariant abelian subgroup of order p™*"-*, type (n —1, 

Finally, if the operators of H™ alone are in identical correspondence, 
the remaining operators of H‘"- have exactly the automorphisms of an abel- 
ian group of order p™"*, type (1, 1,---, 1) when the operators of some one 
subgroup of order p remain fixed. If w effects such an automorphism (and 
leaves ¢ invariant), it can be shown just as in Theorem 2 that w is commu- 
tative with v, but transforms the other operators of EF just as the operators of 
H-» outside of H™ are transformed, and w, furthermore, would be found 
to be commutative with wu. The number of the isomorphisms effected by w’s 
would be (p™ — p) (p™ — p?) (p™ — pm-1) 

The following may be stated as a summary of these results: 


Theorem 3. The I of an abelian group G of order p™*-, type (n, 1, 
1,-::,1), p @ prime>2, n>2, is of order (p—1)p™™?(p™— p) 


(p™—p?) (p™ — p™*), and is simply isomorphic with the direct 
product of a cyclic group of order p—1 and a group formed hy extending 
an abelian group of order p™, type (1, 1,--- ,1) by all those operators from 


its own group of isomorphisms which leave invariant the operators of one 
its own group of isomorphisms which leave invariant the operators of one cyclic 
group of order p, and then multiplying this extended group by an operator 
of order p"* which is commutative with each. operator of the extended group 
and which has one of the invariant operators of order p for its p"*th power. 


This shows that for a given odd prime p and a fixed value of m>0, 
the group of isomorphisms of each abelian group of the system (n= (2), 3, 
4,--+,) contains the group of isomorphisms of the preceding as an invari- 
ant subgroup of index p, since they differ only in the order of the operator 
by which the extended group is multiplied. 

Again, since multiplying the extended group by the designated operator 
of order p" is equivalent to taking an abelian group of order p™*"-*, type 
(n—1, 1,---, 1) and extending it by all those operators from its own 
group of isomorphisms that leave invariant the operators of exactly one of 
its subgroup of order p"-1, the preceding theorem can be stated as follows, 
and from it can be seen that the group of isomorphisms of each abelian group 
of the system under study is an extension of the one of the system just before 
it and of index p in it. 


Theorem 3’. The I of an abelian group G of order p™"-1, type (n, 1, 
1,--+,1), p an odd prime and n > 1, is of order (p—1)p™"-?(p™ — p) 


* Cf. Burnside, loc. cit., § 48. 
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(p™— p?) +++ (p™— p™*) and is simply isomorphic with the direct prod- 
uct of a cyclic group of order p—1 and the group formed by extending an 
abelian group of order p™"-?, type (n—1, 1,---,1) by all those operators 
from its own group of isomorphisms that leave invariant the operators of 
exactly one of its cyclic subgroups of order p"”. 

If p is the even prime and n > 2, F is not cyclic but is an abelian group 
of order 2"-", type (n—2, 1),* and the 2"-°th power of the operators of 
order 2"-? generates the cross-cut of F and £, a group of order two. Accord- 
ingly, the counterparts of the preceding two theorems are: 


Theorem 4. The I of an abelian group G of order 2™"", type (n, 1, 
1,---,1), n> 2, is of order — 2) (2™— 27) (Q™— 
and is simply tsomorphich with the direct product of a group of order 2 anda 
group formed by extending an abelian group of order 2™, type (1,1,---, 1) 
by all those operators from its own group of isomorphisms which leave invari- 
ant one operator of order two, and then multiplying this extended group by an 
operator of order 2"? which is commutative with each operator of the extended 
group and which has the invariant operator of order two for its 2"-*th power. 


This and the following equivalent statement of the proposition show the 
inclusive relation between the groups of isomorphisms of two consecutive 
groups of the system: 


Theorem 4. The I of an abelian group of order 2", type (n, 1, 1, 

-, 1), n>2, of order Qmn-2(2m — 2) (Qm™— 27) - - 

and is simply isomorphic with the direct product of a group of order 2 and 

the group formed by extending an abelian group of order 2™*"-°, type (n — 2, 

1,--+-,1) by all those operators from its own group of isomorphisms that 

leave invariant individually the operators of exactly one of its cyclic sub- 
groups of order 2", 


DARTMOUTH COLLEGE, 
Hanover, New Hampshire. 


* Burnside, loc. cit., § 169. 
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On the Satellite Line of the Cubic. 
By R. M. WINGER. 


THe RATIONAL CUBIO. 


1. Introduction. While Salmon * discusses the satellite line of the 
cubic at some length he fails to give its equation. The equation was supplied 
by Cayley ¢ who calculated it laboriously by a direct method. Several co- 
variant expressions for this remarkable line were given by Walker.[ And 
another has been furnished by Morley.§ In the present paper the explicit 
equation of the satellite is exhibited both for the rational and the general 
cubic, in canonical form, and some associated loci are considered. Several 
interesting chain theorems are obtained and a generalization is made for the 
plane curve of order n. 

We consider first the rational cubic #,3, taking as its equations in points 
and lines respectively 


%=3, +1, (1) 
or Xo? + 2,3 — 3x2, 2, = 0, 
Uy =1—2, u,—t—2t, (2) 
or — Ug? — + + = 0, 


when the triangle of reference is the invariant triangle of the G, which leaves 


the curve unaltered. 
An important curve for the satellite theory is the conic N, || the locus of 


lines joining pairs of contacts of tangents from points of the #,°. The equa- 
tion of N for the cubic (1) is 


Up” — = 9. (3) 


* Higher Plane Curves, third edition, Art. 149 ff. 

+ “A Memoir on Curves of the Third Order,” Phil. Trans. (1857), p. 439, or 
Collected Papers, Vol. II, p. 405. 

t Phil. Trams. (1888) A, p. 170 and Proc. Lond. Math. Soc., Vol. XXI (1890), 
p. 247. 

§ University lectures for the session 1910-1911. 

|| Morley, AMERICAN JOURNAL OF MATHEMATICS, Vol. XI (1889), p. 316; Winger, 
“Tnvolutions on the Rational Cubic,” Bulletin, Amer. Math. Soc., October, 1918, p. 28. 
This conic touches the nodal tangents where they meet the line of flexes and has 


contacts with the curve at the sextactic points. 
129 
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While every line u’ has a unique satellite w, a line wu is in general satel- 
lite to four lines u’. Continuing the figure we shall call the line w’ the 
primary of u. Combining these statements we have the theorem: The 6 
contacts of tangents from 3 collinear points (on u) of a rational cubic lie by 
threes on the 4 sides u’ of a quadrilateral whose diagonal 3-line is circum- 
scribed to N. 

When w’ is tangent to the curve, the satellite is likewise tangent, at the 
point where w’ cuts again. If however wu is tangent two of the primary lines 
coincide. Thus the tangent at a point is satellite to the two tangents from 
the point and the line, counted twice, joining contacts of those tangents. 


2. The line wu’ = (ur) + u,7, + uz, = 0 
cuts the curve in three points with parameters 
Ust® + 3u t? + 3u,t + u, = 0. (4) 


If s; refer to the symmetric functions of these ¢’s and o; to the parameters 
(— 1/2?) of the three tangential points we have 


8, = 8, = 3U,/u,, 8 (5) 
o=— = — (28, +5,7), of, =—1. 
Whence the equation giving the tangential points is 
+ (2s, + 8,7) # + (s,? —2s,)t +1=—0 (6) 
and the equation of the line wu on which they lie is 
— Lo + — 2, + = 0. (7) 


For gwen u’ (7%) is the equation of the satellite line. Equally for gwen 
x and variable u it is the equation of a conic, the locus of lines whose satellites 
pass through zx. When considered as a conic we shall denote (7) by 3:. 

If z is on the curve the conic degenerates to the two contacts of tan- 
gents from x. Hence the discriminant of the conic is to within a factor the 
point equation of the R,°. 

3. If x is not on the cubic 4 tangents u; can be drawn to the curve. 
From each point of contact ¢; canbe drawn 2 tangents w’;, and w’;,, with con- 
tacts ¢’;, and t’;,. These tangents wu’ and the line w’jn joining their contacts 
are all primaries of u;. Hence the four pairs of tangents u’i,, u’i. which can 
be drawn to the R,° from the contacts t; of tangents from a point x, together 
with the four lines u’in joining contacts t’;,, t’i, of the pairs touch a conic 3p. 
The four pairs of tangents are the common lines of conic and R,3 and the four 
lines u’in are the common lines of %, and conic N. 
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Continuing, from each of the 8 points ¢’ can be drawn a pair of tan- 
gents w’” with contacts ¢” and these contacts determine a line u’’n. These 24 
lines all touch a curve of class four, viz. the locus of lines whose satellites 
envelop the conic %,. The 16 lines u’’ are the common lines of the quartic 
and the R,3 while the 8 lines u’’n are the common lines of the quartic and the 
conic N. 

Starting with a curve 3, of class one, namely the point z, we have thus 
a chain of theorems on class curves associated with the rational cubic for the 
process can be continued indefinitely. This chain is however a special case 
of another which can be obtained by direct generalization of the theorem 
implied by equation (7). Since the equation of the satellite line is of the 
second degree in the coefficients of the primary, we may say: If the satellite 
line u run around a curve Xs of class 8, the primary u’ envelops a curve 3x5 
of class 28. The equation of 3.5 can be found at once by replacing up, U,, Us 
in the homogeneous line equation of 3s by 

— 2upue) : — Us? 
respectwely. 

Now the &,° and 35 have 48 common lines uw. If the contacts be desig- 
nated by ¢, then from each ¢ can be drawn two tangents u’ to the cubic. The 
contacts t’ of these tangents determine a line w’». These lines w’ are the 
three primaries of u and hence are lines of 3,5. We have thus 128 lines of 
3.6,—the 88 lines u’ which are the common lines of 3.5 and B£,3 and the 48 
lines w’n which the common lines of 3.5 and the comc N. From the 88 
points ¢’ can be drawn in turn 88 pairs of tangents w’’ which determine 88 
lines u’’n joining contacts ¢’’ of the pairs. These lines all touch a curve X45 
of class 48, the locus of lines whose satellites envelop 3.5. The 168 lines w’’ 
are the common lines of 345 and the cubic and the 88 lines wn are the com- 
mon lines of 345 and the conic N. And so on ad infinitum. Hence any curve 
3s establishes a chain which reduces to the old when 6 = 1. 

4, We come now to the converse problem: given a class curve to find 
the satellite locus. Theorem. If a line touch a curve Ss of class 8, the 
satellite envelops a curve 8.5 of class 28.* In particular if Ss is rational so 
also is 8,5. If we denote the satellite locus by S' then we want the number 
of lines of S_ which pass through an arbitrary point. Now those lines w’ of 
Ss whose satellites pass through a given a touch a conic 3,. But Ss and the 
conic have just 28 lines in common i. e. there are 26 lines of 8 , one and 
po = 28, 

*This involves no contradiction with the theorem of the previous section; for 


each line w has four primaries w’, hence as wu’ runs around 2,5, u will generate an S,;, 
which is 2; repeated four times. 


| 
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To prove the second part of the theorem, let 
Ug + Uy (t)2, + U2 (t) x, = 0, (8) 


where the w’s are binary forms of order 5 be the map equation in lines of a 
rational curve Rs of class 6. The map equation of the satellite locus is found 
by replacing the coefficients of the z’s by 


respectively. The result is obviously an equation in which the coefficients 
of the z’s are rational and of degree 28 in ¢. 

To find the common lines of 8,5 and F,° it is only necessary to recall 
that the satellite is tangent to the cubic only if the primary is a tangent of the 
cubic or a line of conic VN. Ss and £,3 have 48 common lines whose satellites, 
viz. the tangents at the points in which the lines cut #,' again, account for 46 
common lines of #,3 and Ss. The 265 primaries which touch the conic NV 
therefore must take up the remaining 48 common lines, i. e. each of these 
satellites will count for two. 

As an application of these theorems we observe 


(a) The satellite locus of the conic N is the cubic itself. 


(b) The cubic taken twice is its own satellite locus. 
(c) The locus of lines whose satellites touch the cubic is a composite 


curve of class eight consisting of the cubic and the conic N repeated. 


THe Non-SINGULAR CUBIC. 


5. Most of the theorems stated for the rational cubic can be extended 
at once to the case of the general cubic C,°. The tangent at a point P is now 
satellite to 10 lines, viz. the 4 tangents from the point and the 6 lines (re- 
peated) joining in pairs the contacts of these tangents. Salmon * has re- 
marked that the envelope of the 6 lines for variable P is a certain composite 


curve M, consisting of three class cubics. 
Morley + has shown that the satellite of the line (uz) is 


— % (ur) Q*} (9) 


where C? and I, are respectively the point and line equations of the curve and 
© is the ternary differential operator 


6? 6? 
Gaz + 02,0U, ) 


* Higher Plane Curves, Art. 151. 
7 Loc. cit. 
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Calculated for the canonical form 
+ + 2,5 + bax 2,2, = 0, (10) 


the equation of the satellite line is 
2 
{us* — 2 (uj? + ui — 6a = 0, Kk (11) 


Again for given x equation (11) represents a class quartic T',, the locus 
of lines whose satellites are on z+. This curve is of the Humbert or desmic 
type.* A line quartic is desmic if it belongs to a pencil of quartics which 
contains three degenerate curves each composed of four points, the three 
degenerate curves then being desmic quadrangles. That I, is desmic can 
be shown as follows. Consider a line wu cutting the cubic in points a, 6 and c. 
Denote the contacts of tangents from these points by ai, Bi, yi, (i—1, 2, 
3,4). Any point z on wu will determine a curve T,. Two points z and 2’ 
thus determine a pencil 


(12) 


of curves associated with the points z + Az’ of u. Now the primary lines of 
the (line) pencil on a are obviously the four (line) pencils on points a; In 
other words points a constitute a degenerate member of the pencil (12). 
This pencil of quartics thus contains the three desmic quadrangles a, B, y 
which proves the theorem. 

We have the following theorems for the general cubic, omitting the 
proofs which follow closely those given at length for the earlier case. 

If the satellite line run around a curve Ts of class 8, the primary en- 
velops a curve T,5 of class 48 whose equation is obtained by replacing Uy, Uy, Us 
in the homogenous equation of Ts by the coefficients of the x’s in equation(11). 
T's and C,° have 68 common lines wu with contacts s. From each point s can 
be drawn to the cubic 4 tangents u’ with contacts s’. Joining the points s’ 
in pairs are 6 lines w’m. There are thus 605 tangents of I',5 which comprise 
the primaries of lines u,—the 248 tangents wu’ which are the common lines 
of T,5 and the cubic, and the 368 lines u’m which are the common lines of 
T,5 and the curve M,. 

This is the first link in a chain of theorems associated with every 
curve Ts. A chain of especial interest is that originating with a point T,: 


* After Humbert who discusses such curves in two papers, Journal de Mathé- 
matiques, 4e Série, Vol. VI (1890), p. 423 and VII (1891), p. 353. Professor Morley 
called my attention to the fact that I, is desmic. Since it depends on eleven constants 
it would appear to be the general desmic quartic. 
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From a point «x can be drawn in general 6 tangents u with contacts s. From 
each point s can be drawn 4 tangents u’ with contacts s’ and the points 
s’ can be joined in pairs by 6 lines u’m. The 24 tangents u’ and 36 lines 
um touch a curve T, of class four, namely the locus of lines whose satel- 
lites pass through x. The tangents u’ are the common lines of T, and C,° 
while the lines u’m are the common lines of T, and M,. Again the 24 
points s’ determine 96 tangents u’” with contacts s’ and 144 lines u’’m 
joing these contacts in pairs. These 240 lines u’’ touch a curve Ty,, of 
class 16, the primary locus of T,, and comprise the lines which T,, has in 
common with C,3 and M,. And so on forever. 

Most of the peculiarities of Humbert’s curve as summarized (for the 
dual) in section 12 of his first paper can be recovered readily with our present 
apparatus. Indeed it seems preferable to reverse his procedure and derive 
the properties of the quartic from the cubic and point which define it. 

The six characteristic 4-points whose diagonal points are nodes and 
whose connecting lines are the nodal tangents are the six sets of points s’ 
in the theorem just stated. In other words, the 36 intersections of T, and 
the cubic are at these 18 nodes and the common lines of T, and M, are the 
36 nodal tangents,—each component of M, touching the tangent pair of one 
node in each set. Or again from the tangentials of the points s can be drawn 
18 tangents (in addition to the lines u), the contacts of which are at the 
18 nodes. 

Likewise the satellite locus of a curve Cs of class $ is a curve Cys of 
class 48 rational if Cs is rational. The common lines of C,5 and C,° are (a) 
the satellites of the 68 common lines of Cs and the cubic and (0) the satellites 
of the 98 common lines of Cs and M,, the latter lines each counting for two. 

The satellite locus of M, is the cubic repeated six times. 

The satellite locus of the cubic is the curve itself four times repeated; 
while the primary locus consists of the cubic and M, repeated. 

Since M, is the double curve in the primary locus of the cubic it must 
be the Jacobian of the coefficients in the satellite line.* Calculated thus and 
verified for special lines the equation of I, is found to be 


U? — 36a°U? — 54aU — 54(1 + 4a*) =0 (13) 
3 3 3 
Hence the factors of M, are 
Up? + uy? + up? — = 0, (14) 


* Likewise the Jacobian of the coefficients in the satellite (7) of the rational 
cubic is Nu, which incidentally proves the defining property of WN. 
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where k; are the roots of (13) considered as a cubic in U. It follows that the 
three components belong to the syzygetic pencil of class cubics determined 
by the nine harmonic polars. 

M, also touches the cubic at the 27 sextactic points. Hence the tan- 
gents to the cubic from the flexes account for all the common lines of the two 
curves. 


THE GENERAL PLANE CURVE. 


6. Consider now the plane curve Cs" of order nm and class 8. The 
tangents at n points of a line (ux) constitute a curve J" which meets C” 
-in n? points. Since 2n of these points are the complete intersections of 
C” and a curve of order 2,—the line repeated,—it follows from the theory of 
residuation that the remaining n(m—2) lie on a C*?, the satellite 
(n — 2)-ic of the line u. 

The equation of the satellite curve, f(u*z"-?) =0, will contain u as 
well as zx. For a given x therefore, f 0 represents a curve of class k, the 
locus of lines whose satellites pass through z. To ascertain the value of k, 
it will be sufficient to enumerate the common lines of C i and f considered as 
a class curve. Let w’ be such a line. Then since w’ is a tangent to C” its 
satellite curve degenerates into the n — 2 tangents at the remaining inter- 
sections of wu’ and C”. One of these »—2 lines must pass through z in 
virtue of the defining property of f, i. e. u’ is a tangent to C” from a contact 
of one of the tangents from z. Since C's" is of class 8, there are precisely 
§(8— 2) lines Hence k = — 2.* 

We have at once the following generalization of the first link of the 
special chain theorem for the cubic. Denoting by t,, t.,°°°** ts the contacts 
of the § tangents from an arbitrary point x to a curve Cs" of order n and class 
5, the 8 sets of (8 — 2) tangents from points t; comprise the common lines of 
Cs" and a curve f of class (8 — 2), namely the locus of lines whose satellite 
(n — 2)-ics pass through x. If Cs" is non-singular f is of class (n +1) 
(n— 2) and there are (n + 1)(n)(m—1)(n—2) common lines. 


UNIVERSITY OF OREGON, 
January, 1918. 


* It can be shown by the analytic method employed by Morley, 1. c. that f involves 
the coefficients of C3» to the degree 2n—1. ‘For an application of that method when 
n= 4, see a paper on the satellite conic of the quartic by T. Cohen, AMERICAN JOURNAL 
OF MATHEMATICS, Vol. XXXVIII (1916), p. 325. 
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